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Abstract An analytical approach is used to investigate the effects of covering layer thickness on the propaga-
tion behavior of Love waves in functionally graded piezoelectric materials (FGPMs) covered with a dielectric
layer. The piezoelectric substrate is polarized in the direction perpendicular to the wave propagation plane,
and its material parameters change continuously along the thickness direction. The dispersion equations for
the existence of Love waves with respect to phase velocity are obtained for electrically open and shorted cases,
respectively. A detailed investigation of the effects of the covering dielectric layer thickness on dispersion
curve, phase velocity, group velocity, and electromechanical coupling factor is carried out. Numerical results
show that for a given FGPM, the covering dielectric layer thickness affects significantly the fundamental mode
of Love waves but has only negligible effects on the high-order modes. The changes in phase velocity, group
velocity, and electromechanical coupling factor due to the change of gradient coefficient of FGPMs could be
approached approximately by changing the thickness of the covering dielectric layer, which imply a potential
factor for designing new-type surface wave devices with FGPMs.

Keywords Love waves - Functionally graded piezoelectric materials (FGPMs) - Covering layer thickness -
Dispersion relation - Electromechanical coupling factor

1 Introduction

Surface acoustic wave devices (such as filters, delay lines, oscillators, and amplifiers) have been widely used
in electronic industry for signal transmission, signal processing, and information storage applications since
the interdigital transducers (IDT) [1] were successfully utilized for transmitting and receiving surface acoustic
waves (such as Love wave). To achieve high performance, many such devices adopt layered piezoelectric
structures consisting of a piezoelectric layer and an elastic substrate or an elastic layer and a piezoelectric
substrate. Much research work has been done on the propagation of the transverse surface waves in such
layered structures [2-9]. Due to the intrinsic brittle property of ceramic materials and the thermal mismatch
between layer and substrate, however, initial stresses appear inevitably in such layered structures during the
manufacture process and have significant effects on the propagation behavior of the transverse surface waves
[10-16].
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A concept that may be used to reduce the magnitude of residual and thermal stresses inevitably appearing
in such layered structures could be the introduction of functionally graded piezoelectric materials (FGPMs)
[17-21] resulting from the idea of functionally graded materials (FGMs) that are well known to reduce stress
concentration near material edges or ends and increase material fracture toughness. Li et al. [17] studied the
features of Love waves in a layered functionally graded piezoelectric structure consisting of an FGPM layer
and an elastic substrate, where the variations of material constants are independent through the thickness of
the layer. Following the work by Li et al. [17], Liu and Wang [18] did a similar work but assumed a different
mathematic model for the material gradient of FGPMs in their work. For the same structure, Du et al. [19]
and Qian et al. [20,21] separately studied the propagation of Love waves but assumed the same exponential
function variation for all material parameters along the thickness direction of the layer. Furthermore, Liu et al.
[22] investigated again the Love waves in a smart functionally graded piezoelectric composite structure in
which an FGPM layer is placed between a pure piezoelectric material layer and a metal substrate. It can be
concluded from those existing work that material gradient could be a potential factor for designing surface
acoustic wave devices with FGPMs. However, in practice, the improvement of piezoelectricity is the key to
the fabrication of FGPMs. The powder metallurgical processing for fabricating FGPMs is quite complicated
at present, and it is still difficult to estimate material property changes synchronously in term of a certain law.
Therefore, the material gradient of the manufactured FGPMs is often far from the desired design. And, it’s
impossible to change the material gradient properties of those manufactured FGPMs, which gives rise to lots
of waste. From the point view of economy and energy-saving, we need to look for other design parameters for
designing surface wave devices with FGPMs in order to reuse those manufactured FGPMs, such as covering
layer thickness. To the best of the authors’ knowledge, such work has not been done yet.

In this paper, we will investigate how the thickness of the covering dielectric layer affects the Love wave
propagation behavior in a layered structure consisting of an FGPM substrate and a dielectric layer. The state-
ment of the problem is given in Sect. 2. A detailed solution procedure is presented in Sect. 3, followed by
numerical examples and discussion in Sect. 4. Some conclusions are drawn in Sect. 5.

2 Statement of the problem

Consider a structure consisting of a homogeneous dielectric layer with uniform thickness of /4 deposited per-
fectly on a functionally graded piezoelectric substrate, as shown in Fig. 1. The coordinate system o-xyz is
chosen in such way that the z-axis is directed along the poling direction perpendicular to x — y plane, the
plane x = 0 occupies the interface between the layer and the substrate, and the x-axis points down into the
substrate. The domain x < —# is assumed to be vacuum or air, and the surface x = —#h is free of external
forces (mechanically traction free). The material parameters in the substrate change gradually along the x-axis
direction.

Here, Love wave propagation in such a layered functionally graded piezoelectric structure will be taken
into account. It is assumed without loss of generality that the wave propagation is in the positive direction of
y-axis, such that the mechanical displacement components and electrical potential function representing the

Air or Vacuum

Dielectric layer h

FGPM substrate

Fig. 1 A schematic configuration of a layered half-space and coordinate system
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motion can be written in the following form:
u=v=0,w=wkx,yt), —h<x<+4o00 )
¢ =X,y 1), —00=x=+00 ’

where u, v, and w are the mechanical displacement components along x, y, and z axes, respectively.

For the dielectric layer in the region —h < x < 0, let w; and ¢; denote the mechanical displacement
and electrical potential function. If the layer is anisotropic, we assume it to have the same anisotropy as the
substrate and with axis of polarization parallel to that of the substrate. Otherwise, the layer is assumed to be
isotropic. Then, we have the following governing field equations:

2 1 9% 0wy
ve=aae | @
Vz(pl = 0
and the nonzero stress and electric displacement components
(1 il () d
Ty; =K g;vl Tox =M 311;1 } 3)
M _ Bw () _ _gden [
Dy c)xl ’ Dy - ()yl

where V2 = 982/9x%>+92/8y? and c; = (u/p)'/? is the bulk shear wave velocity with 1 and p being separately
the shear modulus and mass density in the layer. ¢ is the dielectric constant.

In a general transversely isotropic piezoelectric material, the dynamic electromechanical interconnected
behavior can be described in a quasi-static approximation by the following governing field equation:

Oiji = Pl
Di:=0 } ) 4
and constitutive relations
Oij = CijkiUk,] + €1ijP,i (5)
D; = ejxjur — gi1p.1 |’

where u; are the mechanical displacement components, ¢ is the electrical potential, p is the mass density
of the medium, o;; and D; are the stress and electric displacement fields, c;jk;, eix, and g;; are the elastic,
piezoelectric, and dielectric constants, respectively.

For the functionally graded piezoelectric substrate in the region x > 0, let w; and ¢ denote the mechani-
cal displacement and electrical potential function; then, from Egs. (4) and (5), we have the following coupled
electromechanical field equations:

degd 82 4 caa () V2wn + SO 1 01500 V200 = p() 512 (©)
declisx(x) b + e15(x) V3w, — dgélx(X) % — 11 (Vi =0 ’
and the nonzero stress and electric displacement components
2
ry(z) = cqa(x) 22 a 2 +e S(JC)a(p2 o = C44(x)% te 506)8% 7
2 9
DP = e (x)W - Sll(x)aa%, D;) =e 5(x)— — & (x)atpz

where c44(x), e15(x), and e11(x) are the elastic, piezoelectric, and dielectric constants in the substrate,
respectively.

Since our focus in this paper is placed on how the covering layer thickness affects the Love wave propagation
behavior, for the simplicity of mathematical handling, we assume that all material parameters in the function-
ally graded piezoelectric substrate have the same exponential function variation along the x-axis direction by
following the previous work [19-21]

cas(x) = e, e1s(x) = efse™, e (x) = &l 1™, p(x) = ple, ®)
where « is the exponential coefficient indicating the profile of the material gradient along the x-axis direction,
and the quantities with superscript O are the corresponding values of these parameters at the interface x = 0.
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Substitution of Eq. (8) into Eq. (6) yields
c (0‘ Bdu)z + Vzwz) + els (oc 2 4 v2 ) =0 Bazz

, &)
el ( 992 4 Vz(pz) — 6(1)5 (a dwy 4 Vzwz) =0

which are the wave motion equations for the functionally graded piezoelectric substrate.

Usually, the dielectric constant gg of air is much smaller than that of the dielectric layer and is negligible;
thus, the space above the covering layer can be treated as vacuum. Hence, the electrical potential function
¢o(x, y, t) in the domain x < —#h satisfies the following Laplace’s equation:

V20 =0 (10)

When the Love waves propagate in the layered structure shown in Fig. 1, the mechanical displacement com-
ponents and the electrical potential function must not only satisfy Egs. (2), (9) and (10) but also the following
boundary conditions and continuity conditions:

1. The mechanical traction-free condition at x = —#h,
o (~h,y) =0
2. The electrical boundary conditions at x = —h,

@o(—=h,y) = @1(=h,y)

0 for electrically open case, and
DY (~h. y) = Di”(—h,w} Yo

¢1 (—h,y) =0 for electrically short case.

3. The continuity conditions at x = 0: the normal components of mechanical displacement, stress, electrical
potential function, and electric displacement are continuous

wi(0, y) = w2(0, y)
2 (0.y) = (0, )
©1(0,y) = 02(0, y)
D0, y) = D (0, )

4. For x — 400, ws — 0, ¢ — 0. Forx - —o0, ¢g — 0.

3 Solution of the problem
3.1 Solutions of the field equations

The solutions of w and ¢ in the covering dielectric layer can be easily obtained from Eq. (2) as follows:

wi(x, y, 1) = (Aleikblx + Aze’ikblx) explik(y — )] } an

P1(x,y,1) = (A3e" + Age™) explik(y — c1)]

where A1, A», Az, and A4 are arbitrary constants, k(= 27 /}) is the wave number with A being the wavelength,
i = «/—1, c is the phase velocity of wave propagation, by = (c?/ C12 — 1)!/2 with ¢; being the bulk shear wave
velocity in the layer. The derivation of Eq. (11) is under the assumption ¢; < c, the existence condition of
Love waves for the layer.

The solutions of the mechanical displacement and electrical potential function in the substrate can be
assumed as following form:

wa(x, y, 1) = Wa(x) explik(y — ct)] ] (12)

@2(x, y, 1) = Pa(x) explik(y — ct)]
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where W>(x) and @ (x) are the functions to be determined. Substitution of Eq. (12) into Eq. (9) yields

Ay (WY +aWs — kK2Wa) + € (D5 + a®) — k2Py) = —p’k>2 W, } 13)

8(1)1 (CDé’ +ad) — k2¢'2) - 6(1)5 (Wz” +aW, — kZWZ) =0

where the prime on W and ¢ denotes differentiation with respect to x coordinate.
From the second expression in Eq. (13), we have

0
e
(D) + a®) — K2dy) = -2 (W5 +aW) — k*W,) . (14)
e

Substitution of Eq. (14) into the first expression of Eq. (13) gives rise to

W2 + aW., f_] 2 _
> taWr +{ > k“Wy =0, (15)
)

where ¢; = [(624 + e?g /8(1)1) / ,00]1/ ? is the bulk shear wave velocity in the substrate. Under the existence
condition of Love waves for the substrate ¢ < ¢;, considering the boundary condition 4), we can easily obtain
the solution of W5 from Eq. (15) and then get the solution of the mechanical displacement in the substrate
from Eq. (12) as follows:

wa(x, y, 1) = Ase"  exp [ik (y — ct)] (16)

1/2
where r = — [a/Z + (a2/4 + b%kz) 1/2] with by = (1 — cz/c%) and As is an arbitrary constant.

Equation (14) can be regarded as an inhomogeneous equation with respect to @;, so the complete solu-
tion of @, should be the superposition of the homogeneous solution q)él corresponding to the homogeneous
equation of Eq. (14) and the particular solution (Dé’ of Eq. (14). And obviously, ch = (e?5 /8(1)1) W, is
a particular solution of Eq. (14). Similarly, considering the existence condition of the Love waves and the
boundary condition 4), we can obtain the complete solution of @, from Eq. (14) and then get the solution of
the electrical potential function in the substrate from Eq. (12) as follows:

0
©(x,y,1) = (Ase” + %SAse”‘)eXp lik (y —c)], (17)
11

where s = —[a/2 4 («?/4 + k?)'/2] and Ag is an arbitrary constant.
Considering the boundary condition 4), the solution of ¢y in Eq. (10) can be easily obtained as follows:

9o = Age!* explik (y — c1)], (18)

where A is an arbitrary constant.

3.2 Solutions of the dispersion equations
3.2.1 Electrically open case

Substituting Eq. (11) into Eq. (3), we can obtain the shear stress and the electric displacement in the layer as
follows:

D = (Ageikhr — Age_ikh”‘) ikby exp [ik (y — ct)]
rV = (Areikbrr 4 Aze_i"b”‘) ikexplik (y —c)] | - (19)
DY = —¢ck (Azeh® — Aye™ ) exp [ik (y — c1)]
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Similarly, the shear stress and the electric displacement in the substrate can be obtained by substituting
Egs. (16) and (17) into Eq. (7)

rz(%) = [Poe(‘”’)xrAs + e(l)se(““)sté] exp [ik (y — ¢1)]
72 = [POe@x A5 4 D e@ )% Ag] ik exp [ik (y — )] ¢ » (20)
p¥ = —&0,e@ x5 Agexp [ik (y — ct)]

in which P? = cg4 + e(l)s2 / 8(])] is the piezoelectrically stiffened shear modulus of the substrate.
And the electric displacement in the air is

D)(CO) = —eoAgel exp [ik (v — c1)]. (21)

Substitution of Egs. (11), (16—-17) and (19-21) into the boundary conditions 1) and 2) and continuity condition
3) yields the following homogeneous linear algebraic equations with respect to Ag, A1, Az, A3, A4, As, and
Ag

Ale—ikblh _ AZeikblh -0

Aze k4 Ayekh — Age=kh =0
(Aze M — AgefMye — g9 AgeFh = 0
Al4+Ar—As =0 . (22)
A3+ A — (es/e))As — Ag =0

(A| — Ap)ipkb; — POrAs — %sAg = 0
(A3 — Ag)ek — &% 546 =0

The non-trivial solution of Eq. (22) exists if and only if the determinant of the coefficient matrix equals
zero, which gives rise to the following dispersion equation for the electrically open case:

0 0 2

€j, tanh(kh) +¢e/ep  k [ Or] els

i — = | [uby tan(khby) + PO + D5 o, 23
L I+ tanh(khye/eo s | LAPTERERPDHET I+ T 2

3.2.2 Electrically short circuit

For the electrically short case (the free surface is plated with a very thin metal strip), the second and third
equations in Eq. (22) should be replaced by the following equation which corresponds to the condition (2 in
Sect. 2

Aze M 4 Ayt = 0. (24)

Then, a set of homogeneous linear algebraic equations with respect to A, Az, A3, A4, As, and Ag can be
obtained. By the similar procedure to the electrically open case, we can obtain the corresponding phase veloc-
ity equation for the electrically short case

0

0 02
k
E11 tanh(kh) — = [ubl tan(khby) + Poi] + 85y, 25)
e s k €11

As a matter of fact, the phase velocity equation for the electrically short case has the same form as that for the
electrically open case since Eq. (25) can be obtained directly through eliminating the terms with &g in Eq. (23).

Equations (23) and (25) are the phase velocity equations of Love wave propagation in the layered func-
tionally graded piezoelectric structure for the electrically open and short cases, respectively. It is readily seen
that the phase velocity c is related to the gradient coefficient, wavelength, covering layer thickness, elastic,
dielectric, and piezoelectric constants. The effect of the covering layer thickness on the propagation behavior
of Love waves will be discussed detailedly in Sect. 4.
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Table 1 Material properties used in computational analysis

Materials Elastic constant Mass density Piezoelectric constant Dielectric constant €1
c44(10'°N/m?) p(10°%kg/m) e15(c/m?) (F/m)
Pb glass (layer) 2.18 3.879 0.0 5.1¢g9
7ZnO (substrate) 4.23exp (ax) 5.665exp (ax) —0.48exp (ax) 7.57epexp (ax)
Homogeneous: " FGPM(a=5000) = FGPM({a=-5000)
— Open - OpEN wennes OPEMN

-
ha
T

—_
-
(8]

-y
—

1.05

MNon-dimensional phase velocity c:"(:1

1 L L 1 | 1
0 2 L 6 8 10 12

Non-dimensional wave number kh

Fig. 2 Dispersion curves of Pb glass layer/ZnO substrate system with/without material gradient

4 Numerical examples

Up to now, the dispersion equations for the existence of Love waves in the layered functionally graded pie-
zoelectric structure have been analytically obtained for electrically open and short cases, respectively. To
graphically show the phenomena stated in the abstract, i.e., the changes in phase velocity, group velocity and
electromechanical coupling factor induced by the change of gradient coefficient of FGPMs could be approached
approximately by properly changing the thickness of the covering dielectric layer, we first calculate the cor-
responding quantities from the dispersion equations for different selected gradient coefficient values, then
calculate the same quantities at a fixed gradient coefficient for different covering layer thickness values, finally
compare the calculated results of the two cases. The material parameters [21] used in our calculation are
summarized in Table 1. The dielectric constant of vacuum is given by 9 = 8.85 x 10~ '2F/m.

4.1 Dispersion curve

Based on Egs. (23) and (25), the dispersion curves for homogeneous substrate and gradient substrate are
shown in Fig.2 simultaneously for both the electrically open and short cases, respectively. The effects of
gradient coefficient on the first three modes of Love waves are calculated and shown.

It can be seen from Fig. 2 that the effect of the material gradient on the fundamental mode is more obvious
than that on the high-order modes. Furthermore, the effect of material gradient on dispersion curves is sensitive
to the sign of the gradient coefficient. The plus gradient coefficient has obvious effect on the cut-off frequency
for each mode of Love waves, especially pronounced for the fundamental mode, while the minus gradient
coefficient has no effect on the cut-off frequency but decreases the phase velocity of the fundamental mode
obviously. Through the comparison between the dispersion curves of the two different electrical boundary
conditions, it is observed from Fig. 2 that the dispersion curves for the electrically open case resemble those
for electrically short case, no matter whether the substrate is functionally graded or homogeneous. Hence, in
the following demonstration, only the electrically open case is taken into account. And the detailed discussions
will be focused on the fundamental mode where the significant influence is observed in Fig. 2.
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Fig. 3 Phase velocity of the fundamental mode affected by (a) material gradient, (b) covering layer thickness

It should be noted that the phase velocity of the fundamental mode corresponding to positive material
gradient coefficient exceeds the genuine Love wave speed limit ¢, when the non-dimensional wave number
tends to zero. For the sake of brevity and clear comparison, that part is not shown in Fig. 2 and all the figures
following.

4.2 Phase velocity

Variations of the dispersion curves for selected values of gradient coefficients with a fixed covering layer
thickness are shown in Fig. 3a. It can be noted from Fig. 3a that the dispersion curves move to the one of
homogeneous substrate (i.e., @ = 0) when the plus gradient coefficient decreases or the magnitude of the minus
gradient coefficient decreases. The results in Fig. 3a show that the more inhomogeneous in the substrate, the
more obvious influence the material gradient has on the phase velocity.

Figure 3b shows the similar plots but for selected values of the covering layer thickness with a fixed
material gradient coefficient. It can be seen readily from Fig. 3b that for certain plus gradient coefficient, the
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Fig. 4 Electromechanical coupling factor of the fundamental mode affected by (a) material gradient, (b) covering layer thickness

dispersion curves move to the one of homogeneous substrates (i.e., « = 0) with the decrease in the covering
layer thickness (as denoted by thick lines in Fig. 3b), and the phenomenon applies to the case of certain
minus gradient coefficient (as denoted by thin lines in Fig. 3b). Through the comparison between Fig. 3(a)
and Fig. 3b, it is concluded that adjusting the covering layer thickness could also obtain the same effect on the
phase velocity/dispersion curves as adjusting the gradient coefficient, which means that the efficiency of SAW
devices with the use of FGPM in the substrates can be improved by adjusting the covering layer thickness as
well. And this aspect seems more reasonable and executable during the process of designing an SAW device

with FGPMs.

Meanwhile, during our calculation, it is found that for the case of @ = 0, i.e., no gradient in the substrate,
the covering layer thickness has a negligible influence on the phase velocity, which is not of practical interest

and not shown in detail here.
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Fig. 5 Group velocity of the fundamental mode affected by (a) material gradient, (b) covering layer thickness

4.3 Electromechanical coupling factor

Electromechanical coupling factor is an important parameter for designing SAW devices in engineering appli-
cations, so we discuss the effects of material gradient and covering layer thickness on this parameter in this
Subsection. The electromechanical coupling factor of the mth mode is defined as [23]

2 Cpm(open) — Cpm(short)‘ (26)

K2, =
pm C pm(open)
where ¢ (open) and Cpm(short) are phase velocities of the mth mode for the electrically open and short cases,
respectively.

Figure 4a shows the electromechanical coupling factor calculated for some selected values of the material
gradient coefficient with a fixed covering layer thickness # = 0.2 mm. It can be seen from Fig. 4a that the
minus gradient coefficient increases the electromechanical coupling factor greatly while the plus gradient
coefficient decreases a little bit the electromechanical coupling factor. The similar phenomena can be observed
in Fig. 4b which is the electromechanical coupling factor calculated for some selected values of the covering
layer thickness with a fixed material gradient coefficient. For a fixed minus material gradient coefficient, the
change of the covering layer thickness affects the electromechanical coupling factor greatly, while for a fixed
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Fig. 6 The same as Fig. 5 but for minus values of material gradient coefficient

plus material gradient coefficient, the change of the covering layer thickness can only give a little bit effect
on the electromechanical coupling factor. Through the comparison between Fig. 4a and b, it is concluded that
the effect of the material gradient on the electromechanical coupling factor can be approximately approached
by properly changing the covering layer thickness at a fixed material gradient coefficient. For some gradient
coefficient, the thinner the covering layer is, the higher electromechanical coupling factor you can get, which

is pretty useful for the design of SAW devices.

4.4 Group velocity

It is well known that group velocity expresses the rate at which vibration energy is transported. To demonstrate
the dispersion behavior of the Love waves further, we study in this subsection the group velocity ¢, defined

as [24]

dc

c+k—

dk

27)
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Figure 5a shows the effect of the plus gradient coefficient on the group velocity at a fixed covering layer
thickness. It can be seen from Fig. 5a that the group velocity starts with certain value, and as the wave number
increases, the group velocity decreases and tends to ¢ at high wave numbers. This result is quite consistent
with Eq. (27), because the derivative dc/dk tends to zero at high wave numbers, that is to say the group velocity
¢, tends to the phase velocity ¢ which is ¢y at high wave numbers. This observation validates our calculations
correct to some extent. Similar phenomenon can be observed in Fig. 5b which is plotted for the effect of the
covering layer thickness on the group velocity at a fixed plus material gradient coefficient. The comparison
between Fig. 5a and b shows that the layer thickness has almost the same effect on the group velocity as
the gradient coefficient does. For example, the change in the group velocity made by adjusting the gradient
coefficient can also be obtained by adjusting the covering layer thickness with one certain gradient coefficient.
The same observation is noticed in Fig. 6a, b which are the same plots as Fig. 5 but for the minus material
gradient coefficient.

But when the material gradient disappears, i.e., the gradient coefficient « = 0, the layer thickness has a
neglectable effect on the group velocity, which agrees well with the result of the layer thickness on the phase
velocity shown in Subsection 4.2. This is an obvious result if we pay attention to Eq. (27) from which we can
see that the group velocity is only dominated by the phase velocity. Hence, if the layer thickness has no effect
on the phase velocity at « = 0, it is a matter of course that it has no effect on the group velocity.

5 Conclusions

In this paper, we studied the effect of the covering layer thickness on the Love wave propagation in a layered
structure consisting of a functionally graded piezoelectric substrate and a dielectric covering layer. This work
is successive to our previous work in which the Love wave propagation in the same structure was investigated,
but the focus was placed on the effect of the material gradient. Through the comparison between the effects of
the material gradient and the covering layer thickness on the phase velocity, the electromechanical coupling
factor, and the group velocity of the Love wave propagation, we can conclude that the changes in phase velocity,
group velocity, and electromechanical coupling factor induced by the change of gradient coefficient of FGPMs
could be approached approximately by properly adjusting the thickness of the covering dielectric layer, which
implies a potential factor for designing new-type surface wave devices with FGPMs. For simplicity, in the
present work, we introduce an assumption that all the material parameters have the same exponential function
variation of the thickness coordinate. To apply the results obtained here to design high-efficiency SAW devices
in practice, further studies on FGPMs of various material gradients are still needed. Furthermore, the assump-
tion that the covering layer is of uniform thickness is adopted in our model, which implies that covering layer
of non-uniform thickness may also affect the Love wave propagation significantly or even more significantly
than the case of uniform thickness. Those will be our research work in the next step.
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