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The free vibration and buckling behaviors of foam-filled composite corrugated sandwich plates under
thermal loading are investigated theoretically. A refined shear deformation theory is extended incorpo-
rating two different combinations of hyperbolic and parabolic shear shape functions. Equivalent ther-
moelastic properties of the foam-filled corrugation are obtained using the method of homogenization
based on the Gibbs free energy. Based on hyperbolic-polynomial variation of all displacements across
the thickness of both face sheets and sandwich core, the shear plate theory accounts for both transverse
shear and thickness stretching effects. The theoretical predictions are validated against existing results as
well as finite element simulations. The effects of geometric and material parameters on natural frequency
and critical temperature change for buckling are systematically investigated. The proposed theory is not
only accurate but also simple in predicting the free vibration and thermal buckling responses of compos-
ite sandwich plates with foam-filled corrugated cores.
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1. Introduction

Sandwich plates with periodic lattice cores such as pyramidal
trusses and square honeycombs possess superior bending stiffness,
strength and shock resistance with respect to monolithic plates of
the same mass, and present opportunities for additional function-
ality, such as vibration control, thermal transport and energy
absorption [1,2]. As one type of lattice topologies, two-
dimensional (2D) corrugated panels as sandwich core have enjoyed
widespread applications in areas of packaging, building and trans-
portation industry (e.g., skin frame of high-speed train, naval craft
and rocket engine shell), which is attributed mainly to their rela-
tively low cost, ease of fabrication and reparability, flexibility in
design, and good structural performance [3]. However, under com-
pressive loading, a corrugated sandwich core first deforms by
stretching of its struts (core webs) and then collapses by Euler or
plastic buckling at a small strain, softening rapidly due to node fail-
ure and/or core buckling. Metallic corrugations are thus less attrac-
tive for energy absorption applications as large forces are
transferred but limited amount of energy is absorbed [4]. More-
over, the transverse shear and bending resistance of corrugated
sandwiches are somewhat limited, since corrugated panels are
prone to buckle under such loading conditions [5,6].

Recently, in order to enhance the mechanical properties (e.g.,
specific strength and specific energy absorption) of corrugated
sandwich cores, the concept of filling foam into the interstice of cor-
rugations has been exploited, both experimentally and theoretically
[7–15]. These studies demonstrated that the performance benefits
of foam filling derive mainly from the stabilizing effects of foam
on the buckling and post-buckling of the corrugated panels (and
face sheets). The foam-filled corrugated sandwich structures have
applied as the explosion-proof plates of armored vehicles and shell
of oil tanks due to their great mechanical performance and good fire
resistance [16]. However, there is yet a study concerning free vibra-
tion and stability of a sandwich plate having foam-filled corrugated
core, either its face sheets and core members are made of metal or
fiber-reinforced composite. The applicability of such sandwich
structures could also extend to be used in the severe thermal envi-
ronments such as radomes, cryotanks, high speed spacecraft, and
nuclear reactors, etc, where the thermal environment is a key factor
which changes the stiffness of the structural system and alters the
dynamic characteristics of the system essentially. Therefore, it is
of great importance to make an intensive research on the vibration
and stability characters of such sandwich structures (especially
made of composite materials) in high temperature environment.
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Nomenclature

qs density of the face sheets or corrugated panels
qf density of foam
qc density of foam-filled corrugated sandwich core
k volume fraction of the corrugated panels in the core
t corrugated member thickness
l corrugated member length
h corrugation angle
a plate length
b plate width
h total thickness
hf face sheet thickness
hc core height
Ei, Gij, tij elastic modulus, shear modulus, and Poisson’s ratio
ai thermal expansion coefficient
x� y� z global coordinate system of sandwich plates
x� y� z local coordinate system of the unit cell of foam-filled

corrugated core
x1 � x2 � x3 local coordinate system of corrugated panel,
y1 � y2 � y3 material coordinate systems of face sheets

CH
ij material coordinate systems of corrugated panels

bHi effective stiffness of foam-filled corrugated core
cH effective thermal-stress tensor of foam-filled corrugated

core
bHi effective specific heat per unit volume of the unit cell of

foam-filled corrugated core
u, v, w generalized displacement field functions
u0, V0, wb, ws, uz unknown functions of the refined shear defor-

mation theory
f(z), g(z) shape function

r0
x , r0

y , s0xy initial in-plane thermal stresses
DT temperature variation
DTcr critical buckling temperature change
x natural frequency
�x;DTcr dimensionless natural frequency and critical buckling

temperature change
[K] structural stiffness matrix
[KG] geometric stiffness matrix induced by initial in-plane

thermal stresses
[M] mass matrix
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There are several literatures carried out on lattice-cored sand-
wich plates or beams to reveal the global structural analysis (e.g.,
vibration and buckling), with the discrete lattice core usually trea-
ted as an equivalent homogenous transverse isotropic or orthotro-
pic continuum [17–19]. However, few studies have been done in
the field of vibration and stability behaviors for the lattice-cored
sandwich structures under thermal environment. All the studies
about the lattice sandwiches employed the simple first-order shear
deformation theory (FSDT). This theory assumes that the face
sheets deform according to the Bernoulli-Euler beam theory or
Kirchhoff-Love plate theory, the core deforms only in shear with
transverse shear stress assumed constant through the thickness
of the core, and the effect of thickness stretching (i.e., transverse
normal strains) is negligible. FSDT is only efficient for sandwich
plates with thin hard face sheets and thick soft core. For sandwich
plates with thick multi-layered laminated composite face sheets
and relatively hard core, the above assumptions may not hold.
Since FSDT does not satisfy the stress-free surface conditions, and
only accounts for layerwise constant states of transverse shear
stress, shear correction coefficients are usually needed to rectify
the unrealistic variation of shear strain/stress through thickness,
which ultimately defines the shear strain energy. To address this
issue, several higher-order shear deformation theories (HSDTs),
e.g., polynomial, trigonometric, exponential and hyperbolic shear
deformation theories, have been developed as the Equivalent Sin-
gle Layer (ESL) theories, LayerWise (LW) theories, and the Zigzag
(ZZ) theories, as shown in recent reviews of laminated composites
and sandwich plates [20–22] and functionally graded materials
(FGMs) [23–26]. Reddy [27] developed a well-known third order
shear deformation theory which is further extended by many
researchers for their research. The trigonometric shear deforma-
tion theories were proposed for the free vibration of thick orthotro-
pic plates by Touratier [28] and Mantari et al. [29], etc. Karama
et al. [30] proposed an exponential variation for the transverse
strain in their investigation of the bending of composite beams,
which is developed by Aydogdu [31] for the analysis of laminated
composite plates. Soldatos [32] has developed hyperbolic shear
deformation theory for the analysis of laminated composite and
sandwich plates, which was applied by Ghugal and Pawar [33]
for the free vibration analysis of orthotropic plates. Zenkour [34]
and Amale et al. [35] have employed separately hyperbolic sine
and hyperbolic tangent shear deformation theories for the bending
and free vibration analysis of FG plates. Recently, Grover et al. [36]
developed inverse hyperbolic shear deformation theory for the free
vibration analysis of laminated composite and sandwich plates
using finite element modelling.

Aydogdu [37] compared a group of shear deformation theories
for analyzing the bending, buckling, and vibration behaviors of
rectangular symmetric cross-ply plates with simply supported
edges. The results revealed that while the transverse displacement
and stresses are best predicted by the exponential shear deforma-
tion theory, the parabolic shear deformation and hyperbolic shear
deformation theories yield more accurate predictions of the natu-
ral frequency and buckling load. To reduce the number of variables
in existing theories, a kind of refined shear deformation theory
(RST) as ESL theories, incorporating various higher-order shear
deformation formulations, has been developed [38–44]. RST
assumes that the in-plane and transverse displacements contain
bending and shear components, with strong similarities with FSDT
in many aspects such as equations of motion, boundary conditions,
and stress resultant expressions. At present, RST has been mostly
applied to FGM plates, but barely to sandwich or laminated
plates.

The aim of the paper is focused on extending the original RST
formulation to vibration and buckling problems of foam-filled
composite corrugated sandwich plates under uniform thermal
loading. The refined shear and normal deformation theory is
employed and two different combinations of hyperbolic and para-
bolic shear shape functions are adopted. The sandwich core is
taken as an equivalent homogenous continuum layer so that the
sandwich itself could be regarded as an orthotropic multi-layered
plate. All the effective thermoelastic material parameters of the
foam-filled composite corrugated core are then derived via the
homogenization method for the first time. Different from previous
researches about the vibration of lattice-cored sandwich plates, the
bending, transverse shear, and thickness stretching of both the face
sheets and the core are all taken into account. Governing equations
are derived using the Hamilton principle and solutions for simply-
supported sandwich plates are obtained using the Navier’s tech-
nique. The validity of the proposed theory is demonstrated through
comparison with the results from literature and finite element (FE)
simulations. The effects of thickness stretching, geometric param-
eters and foam filling material on critical temperature change
and natural frequency are systematically explored.
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2. Mathematical formulation

With reference to Fig. 1, consider a sandwich plate comprising
two fiber-reinforced composite cross-ply laminates of equal thick-
ness as face sheets and a foam-filled corrugated core. Relevant geo-
metric variables are: sandwich plate length a, width b, and total
thickness h; face sheet thickness hf; core height hc; corrugated
member thickness t, length l, and corrugation angle h.

The hybrid sandwich core is assumed to be constructed of lin-
early elastic isotropic foam fillers and corrugated panels made of
orthotropic unidirectional laminate. Macroscopically, the hybrid
core may be treated as a homogeneous equivalent core with ortho-
tropic material properties, as depicted in Fig. 2. Let Ei, mij and ai (i,
j = 1, 2, 3) denote the elastic modulus, Poisson ratio and thermal
expansion coefficient of the laminated composite making either
face sheets or corrugated panels. Let Ef, mf and af denote the elastic
modulus, Poisson ratio and thermal expansion coefficient of the
foam. Let qs and qf represent the density of the face sheets and
the foam. The volume fraction k of the corrugated panels
(k ¼ 2t=l sin 2h) and the density qc of the hybrid sandwich core
can be obtained using the method detailed by Han et al. [14].

For foam filling, both polymer foam (Rohacell) and aluminum
foam (Alporas) are considered. In addition to carbon fiber-
reinforced composite material (T700/3234), face sheets and corru-
gated members made of 304 stainless steel or titanium alloy (Ti-
6Al-4V) are also considered.

The assumptions made for the present study are:

(1) The behavior of the sandwich falls within the state of small
deformation and linear elasticity.

(2) The face sheets and corrugated panels are made of the same
parent material.

(3) Local responses such as localized vibration or buckling are
not considered.

(4) No slippage or delamination between composite layers
occurs.

(5) The material properties are temperature-independent.
(6) The sandwich is placed in high temperature environment

sufficiently long, so that its temperature is distributed uni-
formly and uniform temperature rise is in force.
Fig. 1. Schematic of foam-filled composite corrugated sandwic
(7) The corrugated core members and the filling foam keep close
contact with each other during deformation, even though
slipping may occur at the interface.

2.1. Effective thermoelastic properties of foam-filled composite
corrugation

To analyze the free vibration and stability of the composite
sandwich plate of Fig. 1 under thermal loading, the effective ther-
moelastic properties of its foam-filled composite corrugated core
are firstly derived by employing the method of energy-based ther-
momechanical homogenization [45]. The foam-filled corrugated
core may be analyzed at two different scales: (a) at the macroscale,
it is treated as a homogeneous continuum solid; (b) at the micro-
scale, the foam fillers and the corrugated members are separately
considered. The derivation of micro-macro relations for such a
periodic medium relies on the analysis of its representative volume
element (RVE, or unit cell; Fig. 2), as detailed below.

When subjected to a x� z plane macroscopic strain E (Fig. 3a),
the corrugated member may be characterized as an Euler-
Bernoulli beam of unit width (along the y-direction), clamped at
both ends [14], where the Cartesian coordinate system x� y� z
is set based upon the unit cell of foam-filled corrugated sandwich
core. Analogous to the analysis of a pin-reinforced foam core [46],
the macroscopic Gibbs free energy density of the unit cell contain-
ing two corrugated beam members surrounded by foam filling
(Fig. 2) may be written as:

G ¼ Gb þ Gf ð1Þ

Gb ¼ 1
X

X2
i¼1

1
2

~uðiÞ þ 2~uðiÞ
p � 2~uðiÞ

DT

� �T
~KðiÞ~uðiÞ � 1

2
cðiÞDT2

T0
V ðiÞ � ~gðiÞ

p

" #

ð2Þ

Gf ¼ ð1� kÞ 1
2
C f
hjklEhjEkl � DTC f

hjkla
f
hjEkl � 1

2
c f

T0
DT2

� �
þ 1
X

X2
i¼1

~gðiÞ
p

ð3Þ
where Gb and Gf are the free-energy contributions of corrugated
members and foam, respectively, X represents the current volume
of the unit cell, superscript/subscript f denotes the foam filler, c is
h plate with cross-ply laminated face sheets (c ¼ 0�;90�).



Fig. 2. Representative volume element (RVE) of foam-filled corrugated core, with corrugated panels made of unidirectional laminate composite (c ¼ 0�; or90�).

Fig. 3. Homogenization of foam-filled corrugation in plane strain: (a) kinematics of a corrugated member; (b) a corrugated member subjected to nodal forces/moments and
lateral pressure. Shear flow in a typical representative volume element when subjected to (c) macroscopic shear strain E12 or (d) macroscopic shear strain E23.
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the specific heat per volume at constant strain, C f
hjkl is the elastic

constant of foam, Ehj is the macroscopic strain, V(i) denotes the vol-
ume of the ith corrugated member, and T0 represents the initial
temperature of the field. ~uðiÞ is the global nodal displacement vector
for the i-th inclined beam characterized by end nodes, of which a

detailed description can be found in [14]. ~uðiÞ
p and ~uðiÞ

DT are the nodal
displacement vectors of the ith beam induced by lateral normal
stress p(i) (Fig. 3b) and temperature variation DT:
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~uðiÞ
p ¼ TT ~uðiÞe

p ; ~uðiÞ
DT ¼ TT ~uðiÞe

DT ð4Þ

~uðiÞe
p ¼ m31pðiÞ

E3=ð1�m13m31Þ l 0 0 0 0 0
h iT ð5Þ

~uðiÞe
DT ¼ a1DTl 0 0 0 0 0½ �T ð6Þ

where T is the transformation matrix between local and global
coordinates and the superscript e denotes values in local coordi-
nates. Note that, representing the coupling effect between corru-
gated beam and foam, the lateral normal stress p(i) is itself
induced by the foam matrix, of which the detailed expression can
be found in Han et al. [14].

In Eq. (2), ~KðiÞ is the global stiffness matrix that satisfies the
transformation between local and global coordinates, as:

~KðiÞ ¼ TTKeðiÞT ð7Þ
where Ke(i) is the elementary stiffness matrix of the ith beam, of
which a detailed expression is presented in [14], with the elastic
modulus Es replaced by E1/(1 � v13v31).

Let the macroscopic strain vector of the unit cell be defined as:

N ¼ ½N1 N2 N3 N4 N5 N6 �T

¼ ½ E11 E22 E33 2E12 2E13 2E23 �T ð8Þ
Then the effective stiffness CH, the effective thermal-stress ten-

sor bH and the effective specific heat per unit volume of the unit
cell cH can be calculated as:

CH
ij ¼

@2G
@Ni@Nj

; bH
i ¼ � @2G

@DT@Ni
; cH ¼ � @2G

@DT@DT
ð9Þ

where the superscript Hmeans homogenized effective stiffness. The
x� z plane macroscopic effective stiffness and thermal-stress tensor
for a foam-filled corrugated core may thence be obtained using Eq.
(9), as:

CH
11 ¼ E1

ð1� m13m31Þ
t
l

� �
cos3 h
sin h

þ E1

ð1� m13m31Þ
t
l

� �3

sin h cos h

þ 2m13
t
l

� �
ðsin2 hC f

11 þ cos2 hC f
13Þ

cos h
sin h

þ ð1� kÞC f
11

CH
33 ¼ E1

ð1� m13m31Þ
t
l

� �
sin3 h
cos h

þ E1

ð1� m13m31Þ
t
l

� �3

sin h cos h

þ 2m13
t
l

� �
ðsin2 hC f

13 þ cos2 hC f
33Þ

sin h
cos h

þ ð1� kÞC f
33

CH
13 ¼ E1

ð1� m13m31Þ
t
l

� �
sin h cos h� E1

ð1� m13m31Þ
t
l

� �3

sin h cos h

þ m13
t
l

� �
sin3 h
cos h

C f
11 þ sin 2hC f

13 þ
cos3 h
sin h

C f
33

" #
þ ð1� kÞC f

13

CH
55 ¼ E1

ð1� m13m31Þ
t
l

� �
sin h cos hþ E1

ð1� m13m31Þ
t
l

� �3

� ðcos2 h� sin2 hÞ2
4 sin h cos h

� 4m13
t
l

� �
C f
55 sin h cos hþ ð1� kÞC f

55

bH
1 ¼ E1

ð1� m13m31Þ
t
l

� �
a1

cos h
sin h

þ ð1� kÞðC f
11 þ 2C f

13Þa f

bH
3 ¼ E1

ð1� m13m31Þ
t
l

� �
a1

sin h
cos h

þ ð1� kÞðC f
33 þ 2C f

13Þa f

CH
15 ¼ CH

35 ¼ bH
5 ¼ 0 ð10Þ

If a macroscopic strain E22 is solely imposed on the core, the
stress of core member rb

y (with foam-corrugation coupling

included) and the stress of foam matrix r f
y are given by:
rb
y ¼

E2

ð1� m12m21Þ ðE22 � a2DTÞ þ m23ðsin2 hC f
12 þ cos2 hC f

23ÞE22

ð11Þ

r f
y ¼ C f

22ðE22 � a fDTÞ ð12Þ

It follows that the macroscopic stress is:

ry ¼ krb
y þ ð1� kÞr f

y ð13Þ
so that

CH
22 ¼ k E2

1�m12m21ð Þ þ m23 sin2 hC f
12 þ cos2 hC f

23

� �h i
þ ð1� kÞC f

22

bH
2 ¼ ka2E2

ð1�m12m21Þ þ ð1� kÞa f C f
22

ð14Þ

When E11 or E33 is solely imposed on the unit cell, ry can be
solved using nodal displacements and the corresponding equilib-
rium equations, with coupling effect included. Consequently, CH

12

and CH
23 can be obtained as:

CH
12 ¼ m12E2

ð1�m12m21Þ
t
l

� �
cos h
sin h þ m23 t

l

� � sin2 hC f
11þcos2 hC f

13
sin h cos h þ ð1� kÞC f

12

CH
23 ¼ m12E2

ð1�m12m21Þ
t
l

� �
sin h
cos h þ m23 t

l

� � sin2 hC f
13
þcos2 hC f

33
sin h cos h þ ð1� kÞC f

23

ð15Þ

When subjected to macroscopic shear strain E12 or E23, the
resulting distributed shear flow in the unit cell is presented in
Fig. 3c and d, respectively, in which cases the foam-corrugation
coupling effect vanishes. The macroscopic shear stress R1i can be
expressed as

R2i ¼ Rb
2i þ R f

2i; ði ¼ 1;3Þ ð16Þ

where Rb
2i and R f

2i represent the contributions from corrugated
member and foam, respectively. Further, we have

Rb
12X ¼ 2sb23tl sin h; Rb

23X ¼ 2sb12tl sin h;

R f
12 ¼ ð1� kÞC f

44E12; R f
23 ¼ ð1� kÞC f

66E23

ð17Þ

where sb23 and sb12 are the shear stresses of corrugated member in
local ordinate system X-Y-Z. For both shear loading cases (E12 and
E23), due to the symmetric layout of the unit cell, all the inclined
core members bear the same local out-of-plane shear stresses.
The local shear strains can be written accordingly, as:

e12 ¼ sb23
2G23

; e23 ¼ sb12
2G12

ð18Þ

Energy balance of the corrugated members dictates thence that:

1
2C

Hb
44 ð2E12Þ2X ¼ 1

2G23
sb23
G23

� �2
tl

1
2C

Hb
66 ð2E23Þ2X ¼ 1

2G12
sb12
G12

� �2
tl

ð19Þ

from which:

CHb
44 ¼ G23

t
l

� �
sin h
cos h

; CHb
66 ¼ G12

t
l

� �
sin h
cos h

ð20Þ

Consequently, we have:

CH
ii ¼ CHb

ii þ ð1� kÞC f
ii ði ¼ 4;6Þ ð21Þ

Since a corrugated core is orthotropic, the remaining compo-
nents of the macroscopic stiffness matrix and thermal-stress ten-
sor are all zeroes. Finally, the vector of effective thermal
expansion coefficients, aH, can be finally obtained as

aH ¼ CH
h i�1

bH ð22Þ
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2.2. Generalized displacement field and kinematic relationship

The refined plate theories developed recently have only five
unknown functions [40,44,47–49], in which the in-plane displace-
ments are expanded as odd functions of the thickness coordinate
while the transverse displacement is splitted into bending, shear
and thickness stretching parts, as:

uðx; y; zÞ ¼ u0ðx; yÞ � z @wb
@x � f ðzÞ @ws

@x

vðx; y; zÞ ¼ v0ðx; yÞ � z @wb
@y � f ðzÞ @ws

@y

wðx; y; zÞ ¼ wbðx; yÞ þwsðx; yÞ þ gðzÞuzðx; yÞ

8><
>: ð23Þ

where u0(x, y), v0(x, y), wb(x, y), ws(x, y), and uz(x, y) are the five
unknown functions of the plate (which is defined in the global
Cartesian coordinate system x � y � z, as shown in Fig. 1), and f(z)
is the shape functions determining the distribution of transverse
shear strains and stresses along the thickness:

f ðzÞ ¼ z� vz� /ðzÞ ð24Þ
The function /(z) and the prescribed parameter v are listed in

Table 1. The function g(z) in (23) is defined as:

gðzÞ ¼ 1� f 0ðzÞ ¼ vþ /0ðzÞ ð25Þ
As a compact formulation, the above displacement field can

take into account different displacement-based shear deformation
functions. Upon taking /(z) = 0 and v as either 0 or 1, the classical
plate theory (CPT) or simple first-order shear deformation theory
(SFSDT) [50] can be obtained as particular cases, as shown in
Table 1. In addition to CPT and FSDT, the stress free boundaries
at the top and bottom surfaces of the sandwich plate can be satis-
fied automatically by employing higher-order shear shape func-
tions (such as polynomial (PSDT) [27,51,52], sinusoidal (SSDT)
[28], tangential (TSDT) [29], hyperbolic-sin (HSSDT) [33],
hyperbolic-tangent (HTSDT) [53], exponential (ESDT) [30], com-
bined sinusoidal and exponential (SESDT) [54], and combined
hyperbolic-sin and exponential ones (HSESDT) [44], as summa-
rized in Table 1), without requiring any shear correction factor.
With these higher-order shear deformation theories, the cases
without including the effect of thickness stretching can be consid-
ered when uz(x, y) vanishes. In the present study, two different
shape functions, i.e. the combined hyperbolic sinusoidal and poly-
nomial shear deformation theory (HSPSDT) [34] and the combined
Table 1
Shape functions employed by different plate theories for generalized displacement
field.

Models Shape functions

/ðzÞ v

CPT 0 0
SFSDT [50] 0 1
PSDT1 [51] � z3

6
h2

8

PSDT2 [52] � 5
3 z

z
h

� �2 5
4

PSDT3 [27] � 4
3
z3

h2
1

SSDT [28] h
p sin

pz
h

� �
0

TSDT [29] tan z
5h

� � � 1
5h sec

2 1
10

� �
HSSDT [32] h sinh z

h

� � � cosh 1
2

� �
HTSDT [53] 3p

2 h tanh z
h

� �
� 3p

2 sech2 1
2

� �
ESDT [30] ze�2ðz=hÞ2 0

SESDT [54] sin pz
h

� �
e
1
2 cos

pz
hð Þ p

2h

HSESDT [44] sinh z
h

� �
e

1
5h cosh

z
hð Þ � 1

h ½cosh 1
2

� �þ 1
5h sinh

2 1
2

� ��e 1
5h cosh

1
2ð Þ

HSPSDT [34] h sinh z
h

� �� 4
3
z3

h2
cosh 1

2

� � 0

HTPSDT [35] h
2 tanhð2 z

hÞ � 4
3cosh2ð1Þ

z3

h2

� �
0

hyperbolic tangent and polynomial shear deformation theory
(HTPSDT) [35], are selected for the refined shear deformation the-
ories (RSTs), as shown in Table 1.

The linear strain expressions derived from the displacement
model of Eq. (23), valid for thin, moderately thick and thick plates,
are:

ex
ey
cxy

8><
>:

9>=
>; ¼

e0x
e0y
c0xy

8><
>:

9>=
>;þ z

kbx
kby

kbxy

8>><
>>:

9>>=
>>;þ f ðzÞ

ksx
ksy
ksxy

8><
>:

9>=
>;;

cxz
cyz

( )
¼ gðzÞ c0xz

c0yz

( )
; ez ¼ g0ðzÞe0z ð26Þ

where

e0x
e0y
c0xy

8><
>:

9>=
>; ¼

@u0
@x
@v0
@y

@u0
@y þ @v0

@x

8>><
>>:

9>>=
>>;;

kbx
kby

kbxy

8>><
>>:

9>>=
>>; ¼

� @2wb
@x2

� @2wb
@y2

�2 @2wb
@x@y

8>>><
>>>:

9>>>=
>>>;
;

ksx
ksy
ksxy

8><
>:

9>=
>; ¼

� @2ws
@x2

� @2ws
@y2

�2 @2ws
@x@y

8>>><
>>>:

9>>>=
>>>;
;

c0xz
c0yz

( )
¼

@ws
@x þ @uz

@x
@ws
@y þ @uz

@y

( )
; e0z ¼ uz ð27Þ
2.3. Constitutive relations

The linear thermoelastic constitutive relations of orthotropic
layers are given by:

r1

r2

r3

s12
s13
s23

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ðnÞ

¼

C11 C12 C13 0 0 0
C22 C23 0 0 0

C33 0 0 0
C44 0 0

symmetric C55 0
C66

2
666666664

3
777777775

ðnÞ e1 �a1DT

e2 �a2DT

e3 �a3DT

c12
c13
c23

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ðnÞ

ð28Þ
By performing the transformation rule of stresses/strain

between the lamina and the laminate coordinate system, the stress
strain relations for the n-th lamina in the global coordinates (x, y, z)
can be written as:

rx

ry

rz

sxy
sxz
syz

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ðnÞ

¼

Q11 Q12 Q13 Q14 0 0
Q22 Q23 Q24 0 0

Q33 Q34 0 0
Q44 0 0

symmetric Q55 Q56

Q66

2
666666664

3
777777775

ðnÞ

f

ex � axDT

ey � ayDT

ez � azDT

cxy �axyDT

cxz
cyz

g

ðnÞ

ð29Þ

where DT is the temperature change from stress free state. While
detailed expressions of the elements for matrices [C] and [Q] can
be found in [55], the coefficients of thermal expansion for the n-
th layer in the laminate reference coordinates are:

ðax;ay;az;axy;axz;ayzÞ ¼ ðc2a1 þ s2a2; s2a1 þ c2a2;a3;2scða1 �a2Þ;0;0Þ
ð30Þ

where c = cos c and s = sin c, c being the angle between the princi-
pal fiber direction x1 and the x-axis of individual layers.
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2.4. Initial thermal stresses

Under the thermal loading of uniform temperature variation
DT, the prebuckling strains and stresses of a multi-layer plate
can be given as:

ex ¼ ey ¼ cxy ¼ cyz ¼ cxz ¼ 0; and rxz ¼ ryz ¼ rz ¼ 0 ð31Þ
Inserting Eq. (31) into the constitutive relations of Eq. (29), one

obtains the nonzero prebuckling in-plane stresses (rx, ry, sxy) as:

r0
x

r0
y

s0xy

8><
>:

9>=
>;

ðnÞ

¼ �
Q11 � Q2

13
Q33

� �
ax þ Q12 � Q13Q23

Q33

� �
ay þ Q14 � Q13Q34

Q33

� �
axy

Q12 � Q23Q13
Q33

� �
ax þ Q22 � Q2

23
Q33

� �
ay þ Q24 � Q23Q34

Q33

� �
axy

Q14 � Q34Q13
Q33

� �
ax þ Q24 � Q34Q23

Q33

� �
ay þ Q44 � Q2

34
Q33

� �
axy

8>>>><
>>>>:

9>>>>=
>>>>;

ðnÞ

DT

ð32Þ
The initial deformation induced by thermal loading is neglected

in the present study.

2.5. Governing equations

Hamilton’s principle is used to derive the governing equations
of motion appropriate to the displacement field and the constitu-
tive equation. The principle can be stated in analytical form as:

0 ¼
Z t

0
ðdU þ dW � dTÞdt ð33Þ

The variation of strain energy U of the plate is calculated by:

dU ¼ RV rxdex þrydey þrzdez þ sxydcxy þ sxzdcxz þ syzdcyz
� �

dV

¼ RA Nxde0x þNyde0y þNzde0z þNxydc0xy þ Ssxzdc0xz þ Ssyzdc0yz
þMb

xdk
b
x þMb

ydk
b
y þMb

xydk
b
xy þMs

xdk
s
x þMs

ydk
s
y þMs

xydk
s
xy

 !
dA

ð34Þ
where V is the whole volume of the sandwich plate and A is the top

surface. (Nx, Ny, Nxy) denote the total in-plane force resultants, (Mb
x ,

Mb
y , M

b
xy) denote the total moment resultants, (Ms

x, M
s
y, M

s
xy) denote

the additional stress couples associated with the transverse shear
effects, Nz denote the transverse normal stress resultants, and (Ssxz,
Ssyz) denote the transverse shear stress resultants, defined as:

Nx; Ny; Nxy

Mb
x ; Mb

y; Mb
xy

Ms
x; Ms

y; Ms
xy

8><
>:

9>=
>; ¼

XK
n¼1

R hn
hn�1

ðrx;ry; sxyÞðnÞ
1
z

f ðzÞ

8><
>:

9>=
>;dz;

Nz ¼
XK
n¼1

R hn
hn�1

ðrzÞðnÞg0ðzÞdz; ðSsxz; SsyzÞ ¼
XK
n¼1

R hn
hn�1

ðsxz; syzÞðnÞgðzÞdz

ð35Þ
where K is the number of layers in the laminated composite or
sandwich.

The variation of potential energy W of the in-plane loads
induced by thermal stresses is:

dW ¼
Z
V

r0
xðu;xdu;x þ v ;xdv ;x þw;xdw;xÞ

þs0xydðu;xu;y þ v ;xv ;y þw;xw;yÞ
þr0

xðu;ydu;y þ v ;ydv ;y þw;ydw;xÞ

0
B@

1
CAdV ð36Þ

The variation of kinetic energy T of the plate is:

dT ¼
Z
V
qð _ud _uþ _vd _v þ _wd _wÞdV

¼
Z
A

I1dð _u2
0 þ _v2

0 þ _w2
b þ _w2

s þ 2 _wb _wsÞ � 2I2dð _u0 _wb;x þ _v0 _wb;yÞ
þI3dð _w2

b;x þ _w2
b;yÞ � 2I4dð _u0 _ws;x þ _v0 _ws;yÞ

þ2I5dð _wb;x _ws;x þ _wb;y _ws;yÞ
þI6dð _w2

s;x þ _w2
s;yÞ þ 2I7dð _wb _uz þ _ws _uzÞ þ I8d _u2

z

8>>>><
>>>>:

9>>>>=
>>>>;
dxdy

ð37Þ
where

I1; I2; I3; I4; I5; I6; I7; I8ð Þ ¼
X3
n¼1

Z hnþ1

hn

ð1; z; z2; f ðzÞ; zf ðzÞ; ½f ðzÞ�2; gðzÞ;

½gðzÞ�2ÞqðzÞdz ð38Þ
Upon substituting (34), (36) and (37) into (33) and integrating

the resulting equation by parts and collecting the coefficients of
du0, dv0, dwb, dws, and duz, the equations of motion for the sand-
wich plate are obtained as:

du0 :
@Nx

@x
þ @Nxy

@y
þ �N1 ¼ I1€u0 � I2 €wb;x � I4 €ws;x

dv0 :
@Nxy

@x
þ @Ny

@y
þ �N2 ¼ I1€v0 � I2 €wb;y � I4 €ws;y

dwb :
@2Mb

x

@x2
þ 2

@2Mb
xy

@x@y
þ @2Mb

y

@y2
þþ�N3 ¼ I1ð €wb þ €wsÞI2ð€u0;x þ €v0;yÞ

� I3ð €wb;xx þ €wb;yyÞ � I5ð €ws;xx þ €ws;yyÞ þ I7 €uz

dws :
@2Ms

x

@x2
þ 2

@2Ms
xy

@x@y
þ @2Ms

y

@y2
þ @Ssxz

@x
þ @Ssyz

@y

þ �N3 ¼ I1ð €wb þ €wsÞ þ I4ð€u0;x þ €v0;yÞ � I5ð €wb;xx þ €wb;yyÞ

� I6ð €ws;xx þ €ws;yyÞ þ I7 €uzduz :
@Ssxz
@x

þ @Ssyz
@y

� Nz þ �N4 ¼ I7ð €wb þ €wsÞ þ I8 €uz ð39Þ
where the thermal loads �Niði ¼ 1;2;3;4Þ are:

�N1

�N2

�N3

�N4

8>>><
>>>:

9>>>=
>>>;

¼
XK
n¼1

Z hn

hn�1

r0
x ;r

0
y ; s

0
xy

n oðnÞ
u;xx v ;xx w;xx gðzÞw;xx

u;xy v ;xy w;xy gðzÞw;xy

u;yy v ;yy w;yy gðzÞw;yy

2
64

3
75dz

ð40Þ
More detailed expressions of (40) are given in Appendix A.
By substituting Eq. (26) into Eq. (29) and the subsequent results

into Eq. (35), the stress resultants are obtained as:

N

Mb

Ms

8>><
>>:

9>>=
>>; ¼

A B Bs

B D Ds

Bs Ds Hs

2
664

3
775

e

kb

ks

8>><
>>:

9>>=
>>;þ

L

Lb

Ls

2
664

3
775e0z �

NT

MbT

MsT

8>><
>>:

9>>=
>>;; S ¼ Asc

Nz ¼ LTeþ ðLbÞTkb þ ðLsÞTks þ Rsuz � NT
z

ð41Þ
where

N ¼ fNx;Ny;NxygT; Mb ¼ fMb
x ;M

b
y;M

b
xyg

T
;

Ms ¼ fMs
x;M

s
y;M

s
xygTe ¼ fe0x ; e0y ; e0xyg

T
; kb ¼ fkbx ; kby; kbxyg

T
;

ks ¼ fksx; ksy; ksxyg
T
NT ¼ fNx;Ny;NxygT; MbT ¼ fMbT

x ;MbT
y ;MbT

xyg
T
;

Ms ¼ fMsT
x ;MsT

y ;MsT
xyg

T
S ¼ fSsxz; SsyzgT; c ¼ fc0xz; c0yzg

T ð42Þ

A ¼
A11 A12 A13

A12 A22 A23

A13 A23 A33

2
64

3
75; B ¼

B11 B12 B13

B12 B22 B23

B13 B23 B33

2
64

3
75;

D ¼
D11 D12 D13

D12 D22 D23

D13 D23 D33

2
64

3
75 ð43Þ
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Bs ¼
Bs
11 Bs

12 Bs
13

Bs
12 Bs

22 Bs
23

Bs
13 Bs

23 Bs
33

2
64

3
75; Ds ¼

Ds
11 Ds

12 Ds
13

Ds
12 Ds

22 Ds
23

Ds
13 Ds

23 Ds
33

2
64

3
75;

Hs ¼
Hs

11 Hs
12 Hs

13

Hs
12 Hs

22 Hs
23

Hs
13 Hs

23 Hs
33

2
64

3
75 ð44Þ

As ¼ As
11 As

12

As
12 As

22

" #
; L ¼ fL1; L2; L3gT; Lb ¼ fLb1; Lb2; Lb3g

T
;

Ls ¼ fLs1; Ls2; Ls3gT ð45Þ
The stiffness coefficients Aij and Bij, . . . are defined as:

A11 B11 D11 Bs
11 Ds

11 Hs
11

A12 B12 D12 Bs
12 Ds

12 Hs
12

A13 B13 D13 Bs
13 Ds

13 Hs
13

A22 B22 D22 Bs
22 Ds

22 Hs
22

A23 B23 D23 Bs
23 Ds

23 Hs
23

A33 B33 D33 Bs
33 Ds

33 Hs
33

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

¼
XK
n¼1

Z hn

hn�1

ð1; z; z2; f ðzÞ; zf ðzÞ; f 2ðzÞÞ

Q11

Q12

Q14

Q22

Q24

Q44

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
dz ð46Þ

L1 Lb1 Ls1
L2 Lb2 Ls2
L3 Lb3 Ls3

8>><
>>:

9>>=
>>; ¼

XK
n¼1

R hn
hn�1

ð1; z; f ðzÞÞg0ðzÞ
Q13

Q23

Q34

8><
>:

9>=
>;dz;

As
11

As
22

As
12

8><
>:

9>=
>; ¼

XK
n¼1

R hn
hn�1

g2ðzÞ
Q55

Q66

Q56

8<
:

9=
;dz;Rs ¼

XK
n¼1

R hn
hn�1

½g0ðzÞ�2Q33dz

ð47Þ
The force and moment resultants fNTg, NT

z , fMbTg and fMsTg due
to thermal loading are expressed as:

NT
x MbT

x MsT
x

NT
y MbT

y MsT
y

NT
xy MbT

xy MsT
xy

8>><
>>:

9>>=
>>;¼

XK
n¼1

R hn
hn�1

ð1;z; f ðzÞÞ
Q11 Q12 Q13 Q14

Q12 Q22 Q23 Q24

Q14 Q24 Q34 Q44

2
64

3
75

ax

ay

az

axy

8>>><
>>>:

9>>>=
>>>;
DTdz

NT
z ¼

XK
n¼1

R hn
hn�1

Q13;Q23;Q33;Q34f gg0ðzÞ ax;ay;az;axy
� 	T

DTdz

ð48Þ
It is worth mentioning that in thermal environment with uni-

form temperature change DT , NT
z , fMbTg and fMsTg all vanish in

the equations of motion expressed in terms of expanded displace-
ment components.

Introducing Eqs. (42)(49) into (40), one can rewrite the equa-
tions of motion using the expanded displacement components
(du0, dv0, dwb, dws, duz), as:

ðA11d11u0 þ 2A13d12u0 þ A33d22u0Þ þ ½A13d11v0 þ ðA12 þ A33Þd12v0

þ A23d22v0� � ½B11d111wb þ 3B13d112wb þ ðB12 þ 2B33Þd122wb

þ B23d222wb� � ½Bs
11d111ws þ 3Bs

13d112ws þ ðBs
12 þ 2Bs

33Þd122ws

þ Bs
23d222ws� þ ðL1d1uz þ L3d2uzÞ þ �N1 ¼ I1€u0 � I2 €wb;x � I4 €ws;x

ð49Þ
ðA33d11v0 þ 2A23d12v0 þ A22d22v0Þ þ ½A13d11u0 þ ðA12 þ A33Þd12u0

þ A23d22u0� � ½B13d111wb þ ðB12 þ 2B33Þd112wb þ 3B23d122wb

þ B22d222wb� � ½Bs
13d111ws þ ðBs

12 þ 2Bs
33Þd112ws þ 3Bs

23d122ws

þ Bs
22d222ws� þ ðL3d1uz þ L2d2uzÞ þ �N2 ¼ I1€v0 � I2 €wb;y � I4 €ws;y

ð50Þ

½B11d111u0 þ 3B13d112u0 þ ðB12 þ 2B33Þd122u0 þ B23d222u0�
þ ½B13d111v0 þ ðB12 þ 2B33Þd112v0 þ 3B23d122v0 þ B22d222v0�
� ½D11d1111wb þ 4D13d1112wb þ ð2D12 þ 4D33Þd1122wb

þ 4D23d1222wb þ D22d2222wb� � ½Ds
11d1111ws þ 4Ds

13d1112ws

þ ð2Ds
12 þ 4Ds

33Þd1122ws þ 4Ds
23d1222ws þ Ds

22d2222ws�
þ ðLb1d11uz þ 2Lb3d12uz þ Lb2d22uzÞ þ �N3 ¼ I1ð€wb þ €wsÞ
þ I2ð€u0;x þ €v0;yÞ � I3ð €wb;xx þ €wb;yyÞ � I5ð €ws;xx þ €ws;yyÞ þ I7 €uz ð51Þ

½Bs
11d111u0 þ 3Bs

13d112u0 þ ðBs
12 þ 2Bs

33Þd122u0 þ Bs
23d222u0�

þ ½Bs
13d111v0 þ ðBs

12 þ 2Bs
33Þd112v0 þ 3Bs

23d122v0 þ Bs
22d222v0�

� ½Ds
11d1111wb þ 4Ds

13d1112wb þ ð2Ds
12 þ 4Ds

33Þd1122wb

þ 4Ds
23d1222wb þ Ds

22d2222wb� � ½Hs
11d1111ws þ 4Hs

13d1112ws

þ ð2Hs
12 þ 4Hs

33Þd1122ws þ 4Hs
23d1222ws þ Hs

22d2222ws�
þ ðAs

11d11ws þ 2As
12d12ws þ As

22d22wsÞ þ ½ðLs1 þ As
11Þd11uz

þ ð2Ls3 þ 2As
12Þd12uz þ ðLs2 þ As

22Þd22uz� þ �N3 ¼ I1ð €wb þ €wsÞ
þ I4ð€u0;x þ €v0;yÞ � I5ð €wb;xx þ €wb;yyÞ � I6ð €ws;xx þ €ws;yyÞ þ I7 €uz ð52Þ

� ðL1d1u0 þ L3d2u0Þ � ðL3d1v0 þ L2d2v0Þ
þ ðLb1d11wbb þ 2Lb3d12wb þ Lb2d22wÞ þ ½ðAs

11 þ Ls1Þd11ws

þ ð2Ls3 þ 2As
12Þd12ws þ ðAs

22 þ Ls2Þd22ws�
þ ðAs

11d11uz þ 2As
12d12uz þ As

22d22uz � RsuzÞ
þ �N4 ¼ I7ð €wb þ €wsÞ þ I8 €uz ð53Þ

where di, dij, dijl and dijlm are differential operators, defined by:

di ¼ @

@xi
; dij ¼ @2

@xi@xj
; dijl ¼ @3

@xi@xj@xl
; dijlm ¼ @4

@xi@xj@xl@xm
ð54Þ
3. Solution procedure for eigenvalue problems

For illustration, the problem is solved under simply supported
boundary conditions. The boundary conditions imposed at the side
edges for shear deformation plate theories are:

u0ðx;0Þ ¼ wbðx;0Þ ¼ wsðx;0Þ ¼ uzðx;0Þ ¼ 0
u0ðx; bÞ ¼ wbðx; bÞ ¼ wsðx; bÞ ¼ uzðx; bÞ ¼ 0
v0ð0; yÞ ¼ wbð0; yÞ ¼ wsð0; yÞ ¼ uzð0; yÞ ¼ 0
v0ða; yÞ ¼ wbða; yÞ ¼ wsða; yÞ ¼ uzða; yÞ ¼ 0

Nyðx;0Þ ¼ Mb
yðx;0Þ ¼ Ms

yðx;0Þ ¼ Nyðx; bÞ ¼ Mb
yðx; bÞ ¼ Ms

yðx; bÞ ¼ 0

Nxð0; yÞ ¼ Mb
xð0; yÞ ¼ Ms

xð0; yÞ ¼ Nxða; yÞ ¼ Mb
xða; yÞ ¼ Ms

xða; yÞ ¼ 0
ð55Þ

To obtain the structural responses of sandwich plate with cross-
ply laminated plates, the displacement functions which satisfy the
boundary conditions of (55) are selected as the following Fourier
series:

u0

v0

wb

ws

uz

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼
X1
m¼1

X1
n¼1

Umn cosðkxÞ sinðlyÞ
Vmn sinðkxÞ cosðlyÞ
Wbmn sinðkxÞ sinðlyÞ
Wsmn sinðkxÞ sinðlyÞ
Zmn sinðkxÞ sinðlyÞ

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
eixt ð56Þ



Table 2
Material properties used for numerical validation against literature results.

Material 1

E1=E2 ¼open, E3 ¼ E2, G12 ¼ G13 ¼ 0:6E2, G23 ¼ 0:5E2, t12 ¼ t13 ¼ t23 ¼ 0:25

Material 2
Face sheets
E1 ¼ 131GPa, E2 ¼ 10:34 GPa, E3 ¼ E2, G12 ¼ 6:895 GPa, G13 ¼ 6:205 GPa,

G23 ¼ 6:895 GPa, t12 ¼ 0:22, t13 ¼ 0:22, t23 ¼ 0:49, q ¼ 1627 kg/m3

Core

E1 ¼ E2 ¼ E3 ¼ 6:89� 10�3GPa, G12 ¼ G13 ¼ G23 ¼ 3:45� 10�3 GPa,
t12 ¼ t13 ¼ t23 ¼ 0, q ¼ 97 kg/m3

Material 3
Face sheets
E1=E2 ¼ 19;E3 ¼ E2, G12=E2 ¼ 0:52, G13 ¼ G12, G23=E2 ¼ 0:338, t12 ¼ 0:32,

t13 ¼ t12, t23 ¼ 0:49, a1=a2 ¼ 0:001, a3 ¼ a2

Core

E1=E
f
2 ¼ 3:2� 10�5;E2=E

f
2 ¼ 2:9� 10�5, E3=E

f
2 ¼ 0:4, G12=E

f
2 ¼ 2:4� 10�3,

G13=E
f
2 ¼ 7:9� 10�2, G23=E

f
2 ¼ 6:6� 10�2, t12 ¼ 0:99,

t13 ¼ t23 ¼ 3:0� 10�5, a1=a
f
2 ¼ 1:36, a3 ¼ a2 ¼ a1

Table 3
Comparison of non-dimensional natural frequencies¼ xa2=h

ffiffiffiffiffiffiffiffiffiffiffi
q=E2

p
(DT ¼ 0) of simply supported cross-ply laminated square plates with a=h ¼ 5 (Material 1).*

Lamination andnumber of layers Theory E1=E2

3 10 20 30 40

½0�=90�� A 6.2578 6.9845 7.6745 8.1763 8.5625
PSDT3 6.2340 (�0.38) 7.0026 (0.26) 7.8326 (2.06) 8.5150 (4.14) 9.0959 (6.23)
TSDT 6.2339 (�0.38) 7.0023 (0.25) 7.8322 (2.05) 8.5143 (4.13) 9.0948 (6.22)
HSSDT 6.2337 (�0.39) 7.0018 (0.25) 7.8311 (2.04) 8.5127 (4.11) 9.0927 (6.19)
HTPSDTa 6.2448 (�0.21) 7.0204 (0.51) 7.8631 (2.46) 8.5592 (4.68) 9.1544 (6.91)
HSPSDTa 6.2340 (�0.38) 7.0027 (0.26) ½0�=90��2 7.8328 (2.06) 8.5153 (4.15) 9.0963 (6.23)
HTPSDTb 6.3734 (1.85) 7.1056 (1.73) 7.9279 (3.30) 8.6119 (5.33) 9.1986 (7.43)
HSPSDTb 6.3698 (1.79) 7.0931 (1.55) 7.9016 (2.96) 8.5711 (4.83) 9.1428 (6.78)

½0�=90��2 A 6.5455 8.1445 9.4055 10.1650 10.6798
PSDT3 6.5200 (�0.39) 8.2156 (0.87) 9.6456 (2.55) 10.5520 (3.81) 11.1867 (4.75)
TSDT 6.5199 (�0.39) 8.2157 (0.87) 9.6458 (2.55) 10.5520 (3.81) 11.1871 (4.75)
HSSDT 6.5199 (�0.39) 8.2159 (0.88) 9.6462 (2.56) 10.5529 (3.82) 11.1878 (4.76)
HTPSDTa 6.5275 (�0.27) 8.2172 (0.89) 9.6412 (2.51) 10.5440 (3.73) 11.1771 (4.66)
HSPSDTa 6.5199 (�0.39) 8.2157 (0.87) 9.6456 (2.55) 10.5518 (3.81) 11.1866 (4.75)
HTPSDTb 6.6509 (1.61) 8.2715 (1.56) 9.6653 (2.76) 10.5560 (3.85) 11.1833 (4.71)
HSPSDTb 6.6496 (1.59) 8.2742 (1.59) 9.6728 (2.84) 10.5661 (3.95) 11.1945 (4.82)

½0�=90��3 A 6.61 8.4143 9.8398 10.6958 11.2728
PSDT3 6.5749 (�0.53) 8.4250 (0.13) 9.9363 (0.98) 10.8707 (1.64) 11.5150 (2.15)
TSDT 6.5748 (�0.53) 8.4249 (0.13) 9.9362 (0.98) 10.8706 (1.63) 11.5149 (2.15)
HSSDT 6.5747 (�0.53) 8.4249 (0.13) 9.9362 (0.98) 10.8705 (1.63) 11.5146 (2.14)
HTPSDTa 6.5836 (�0.4) 8.4330 (0.22) 9.9464 (1.08) 10.8849 (1.77) 11.5345 (2.32)
HSPSDTa 6.5749 (�0.53) 8.4250 (0.13) 9.9363 (0.98) 10.8707 (1.64) 11.5151 (2.15)
HTPSDTb 6.7062 (1.46) 8.4847 (0.84) 9.9684 (1.31) 10.8953 (1.87) 11.5397 (2.37)
HSPSDTb 6.7040 (1.42) 8.4810 (0.79) 9.9616 (1.24) 10.8833 (1.75) 11.5218 (2.21)

½0�=90��5 A 6.6458 8.5625 10.0843 11.0027 11.6245
PSDT3 6.6033 (�0.64) 8.5321 (�0.36) 10.0850 (0.007) 11.0349 (0.29) 11.6861 (0.53)
TSDT 6.6032 (�0.64) 8.5320 (�0.36) 10.0848 (0.005) 11.0347 (0.29) 11.6858 (0.53)
HSSDT 6.6031 (�0.64) 8.5318 (�0.36) 10.0846 (0.003) 11.0343 (0.29) 11.6851 (0.52)
HTPSDTa 6.6125 (�0.5) 8.5424 (�0.23) 10.1002 (0.16) 11.0568 (0.49) 11.7056 (0.7)
HSPSDTa 6.6033 (�0.64) 8.5321 (�0.36) 10.0850 (0.007) 11.0350 (0.29) 11.6862 (0.53)
HTPSDTb 6.7348 (1.33) 8.5930 (0.36) 10.1213 (0.37) 11.0668 (0.58) 11.7205 (0.83)
HSPSDTb 6.7323 (1.30) 8.5870 (0.29) 10.1090 (0.24) 11.0470 (0.40) 11.6926 (0.59)

½0�=90�=90�=0�� A 6.6815 8.2103 9.563 10.272 10.752
PSDT3 6.6494 (�0.48) 8.3223 (1.36) 9.8488 (3.02) 10.6980 (4.15) 11.3036 (5.13)
TSDT 6.6493 (�0.48) 8.3222 (1.36) 9.8486 (3.02) 10.6977 (4.14) 11.3032 (5.13)
HSSDT 6.6492 (�0.48) 8.3220 (1.36) 9.8482 (3.01) 10.6971 (4.14) 11.3023 (5.12)
HTPSDTa 6.6588 (�0.34) 8.3336 (1.50) 9.8663 (3.20) 10.7233 (4.39) 11.3376 (5.45)
HSPSDTa 6.6494 (�0.48) 8.3224 (1.37) 9.8489 (3.02) 10.6981 (4.15) 11.3038 (5.13)
HTPSDTb 6.7510 (1.04) 8.6537 (5.40) 10.2070 (6.76) 11.1631 (8.68) 11.8224 (9.96)
HSPSDTb 6.7483 (1.00) 8.6468 (5.31) 10.1924 (6.61) 11.1398 (8.45) 11.7900 (9.66)

* A: 3D elasticity solution [56]. Superscripts a and b denote the cases of including and neglecting the effect of thickness stretching for HTPSDT and HSPSDT, respectively. For
PSDT3, TSDT, and HSSDT, the effect of thickness stretching is included. Numbers in parentheses are percentage errors relative to 3D elasticity solutions.

Table 4
Comparison of non-dimensional natural frequencies ¼ xa2=h

ffiffiffiffiffiffiffiffiffiffiffi
q=E2

p
(DT ¼ 0) of

simply supported cross-ply laminated square plates with E1=E2 ¼ 40 (Material 1).*

Lamination
andnumber of layers

Theory a=h

10 20 50 100

½0�=90�� A 10.4319 11.0663 11.2688 11.2988
B 10.5680 11.1052 11.2751 11.3002
C 10.5680 11.1052 11.2751 11.3002
PSDT3 10.5023 11.0967 11.2715 11.3005
TSDT 10.502 11.0965 11.2715 11.3004
HSSDT 10.5012 11.0963 11.2714 11.3004
HTPSDT 10.5262 11.0964 11.2707 11.2997
HSPSDT 10.5025 11.0967 11.2715 11.3003

½0�=90�=90�=0�� A 15.1048 17.6470 18.6720 18.8357
B 15.1073 17.6457 18.6718 18.8356
C 15.9405 17.9938 18.7381 18.8526
PSDT3 15.1203 17.6975 18.7088 18.8358
TSDT 15.1202 17.6975 18.7088 18.8358
HSSDT 15.1202 17.6975 18.7088 18.8358
HTPSDT 15.1251 17.7026 18.7113 18.835
HSPSDT 15.1203 17.6975 18.7088 18.8357

* A: Results from Kant and Swaminathan [58] with 12 unknown variables; B:
Results from Reddy [27]; C: Results from Senthilnathan et al. [59].
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Table 5
Comparison of non-dimensional natural frequencies ¼ xa2=h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq=E2Þf

q
(DT ¼ 0) of 5-

layer antisymmetric sandwich square plates ½0�=90�=Core=0�=90�� with hc=hf ¼ 10
(Material 2).*

Theory a=h

10 20 50 100

A 4.8594 8.5955 13.6899 15.5093
B 7.0473 11.2664 15.0323 15.9522
C 7.0473 11.2664 15.0323 15.5522
PSDT3 5.0032 8.9424 13.7946 15.5333
TSDT 5.0242 8.9455 13.8023 15.5356
HSSDT 5.0479 8.9891 13.8183 15.5403
HTPSDT 4.9720 8.9196 13.7851 15.5191
HSPSDT 4.9194 8.9162 13.8005 15.5324

* A: Results from Kant and Swaminathan [58] with 12 unknown variables; B:
Results from Reddy [27]; C: Results from Senthilnathan et al. [59].
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where i ¼
ffiffiffiffiffiffiffi
�1

p
, k ¼ mp=a, l ¼ np=b, and (Umn, Vmn, Wbmn, Wsmn,

Zmn) are arbitrary parameters (to be determined) andx is the eigen-
frequency associated with the (m, n)th eigenmode. Upon substitut-
ing (56) into (49)(53), the dynamic equation can be expressed as the
following eigenvalue problem:

ð½K� � DT½KG� �x2½M�ÞfDg ¼ f0g ð57Þ
where ½K� is the structural stiffness matrix, ½KG� is the geometric
stiffness matrix induced by initial in-plane thermal stresses, ½M�
denotes the mass matrix, and fDgT ¼ fUmn;Vmn;Wbmn;Wsmn; Zmng,
for which the expressions are all presented in Appendix B. For sta-
bility analysis, Eq. (57) is reduced to:

ð½K� � DT½KG�ÞfDg ¼ f0g ð58Þ
Table 6
Comparison of non-dimensional critical temperature change DT ¼ DTa f

2 for symm
(½0�=90��5½Core�½90�=0��5; Material 3).*

a=h Theory hf /h

0.025 0.05

10 A 0.3220 0.2737
PSDT3 0.3379 (4.94) 0.2862(4.57)
TSDT 0.3379 (4.94) 0.2861 (4.53)
HSSDT 0.3377 (4.88) 0.2860 (4.50)
HTPSDT 0.3384 (5.09) 0.2889 (5.55)
HSPSDT 0.3381 (5.00) 0.2862 (4.57)

20 A 0.0929 0.0855
PSDT3 0.0971 (4.52) 0.0887 (3.74)
TSDT 0.0971 (4.52) 0.0887 (3.74)
HSSDT 0.0970 (4.41) 0.0886 (3.63)
HTPSDT 0.0977 (5.17) 0.0895 (4.68)
HSPSDT 0.0971 (4.52) 0.0887 (3.74)

* A: 3D elasticity solutions [57]. Numbers in parentheses are percentage errors relativ

Table 7
Mechanical properties of (a) foam and (b) base material of face sheets and corrugated pan

Material Density Young’s modulus S

(a) Foam qf (g/cm
3) Ef (MPa) —

Rohacell 31 (R31) 0.031 36 —
Rohacell 51 (R51) 0.052 70 —
Rohacell 71 (R71) 0.075 105 —
Alporas (aluminum) 0.230 1000 —
(b) Base material qs (g/cm

3) Es (GPa) G
304 stainless steel 7.9 210 —
Ti-6Al-4V 4.43 114 —
T700/3234 composite 1.55 E1 ¼ 110;

E2 ¼ 8:7;
E3 ¼ E2

G
G
G

For the present study, although all the eigenvalues and eigen-
vectors can be computed using the above method for each defor-
mation mode of m and n, the dominant eigenvalues
corresponding to the lowest natural frequencies and minimum
critical temperature variations are of particular concern.

For CPT, SFDT and other higher-order theories without consid-
ering thickness stretching effect, the solution procedures are simi-
lar to those outlined above but are associated with less unknown
variables and hence are not shown here.

4. Numerical results and discussions

4.1. Validation studies

4.1.1. Comparison with literature results
In Tables 3–6, the natural frequencies and critical temperature

changes predicted by the present theories are compared with
existing results, with relevant material properties employed in this
subsection listed in Table 2. Tables 3 and 4 present dimensionless
natural frequencies of simply supported multilayered cross-ply
laminated composite square plates for selected modulus ratios
(E1/E2) and side-to-thickness ratios (a/h). Tables 5 and 6 present
dimensionless natural frequencies and critical temperature
changes of simply supported sandwich square plates with multi-
layered cross-ply laminated face sheets.

The results of Tables 3–6 demonstrate that, for all the parame-
ters considered, the frequency values and critical temperature
changes predicted by the present RSTs (i.e., PSDT3, TSDT, HSSDT,
HTPSDT, and HSPSDT) are in good agreement with those obtained
using 3D elasticity solutions [56,57] and other higher order shear
theories [58,59]. Nonetheless, the present RST models somewhat
overestimate the fundamental frequencies and critical
etric sandwich square plates with 10-layer cross-ply laminated face sheets

0.075 0.1 0.15

0.2358 0.2072 0.1632
0.2445 (3.69) 0.2144 (3.47) 0.1709 (4.72)
0.2445 (3.69) 0.2144 (3.47) 0.1709 (4.72)
0.2444 (3.65) 0.2144 (3.47) 0.1710 (4.78)
0.2474 (4.92) 0.2158 (4.15) 0.1691 (3.61)
0.2445 (3.69) 0.2144 (3.47) 0.1709 (4.72)

0.0791 0.0726 0.0623
0.0812 (2.62) 0.0748 (3.03) 0.0651 (4.49)
0.0812 (2.65) 0.0748 (3.03) 0.0651 (4.49)
0.0812 (2.62) 0.0748 (3.03) 0.0651 (4.49)
0.0819 (3.54) 0.0753 (3.72) 0.0650 (4.33)
0.0812 (2.62) 0.0748 (3.03) 0.0651 (4.49)

e to 3D elasticity solutions.

el.*

hear modulus Poisson ratio Thermal expansion coefficient

— mf a f (10�6/K)
— 0.2 37
— 0.3 33
— 0.25 30
— 0.15 22
s (GPa) m as (10�6/K)
— 0.3 12
— 0.33 8.6
12 ¼ 4;
13 ¼ G12

23 ¼ 4;

t12 ¼ 0:32;
t13 ¼ t12
t23 ¼ 0:3

a1 ¼ 0:42;
a2 ¼ 28;
a3 ¼ a2



Table 8
Comparison of dimensionless natural frequencies �x ¼ 100xa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðq=E1Þl
p

and critical
temperature changes DTcr ¼ DTcral

2 � 103 of R31 foam-filled composite corrugated
sandwich plates with 4-layer cross-ply laminated face sheets (½0�=90��2½Core�
½90�=0��2; for the corrugated core, t=l ¼ 0:05, b=a ¼ 1, h ¼ 45� , hf =h ¼ 0:10, and
corrugation fiber is perpendicular to the prismatic direction).

a=h Methods �x with DT ¼ 0 DTcr

24 FEM 17.984 29.955
HTPSDT 17.146 28.510
HSPSDT 17.146 28.525

48 FEM 9.025 7.544
HTPSDT 8.683 7.300
HSPSDT 8.687 7.306

72 FEM 5.862 3.323
HTPSDT 5.803 3.259
HSPSDT 5.805 3.262

Fig. 4. Effect of aspect ratio b/a on (a) critical temperature change DTcr , (b) nondimensio
natural frequency f, for R31 foam-filled corrugated sandwich plates with face shee
hf =h ¼ 0:10). The T700/3224 composite corrugated sandwich (½0�=90��2½Core�½90�=0��2)
corrugation with fiber perpendicular to the prismatic direction.
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temperature changes, since the assumed displacement field cannot
account for significant change of materials properties between
adjacent layers. Table 3 shows that the prediction error associated
with the present RSTs relative to 3D elasticity solutions increases
with increasing E1/E2 and decreases with the increase in layer
number. Results obtained from the present RST models with effect
of thickness stretching taken into account are more or less the
same. The natural frequencies of cross-ply laminated composite
plates obtained by neglecting thickness stretching are slightly
overestimated in comparison with those calculated with thickness
stretching included, which is similar to the case of functionally
graded plates [60]. Moreover, the HSPSDT appears to yield better
predictions than HTPSDT. Unless otherwise stated, RST models
with thickness stretching included are employed in subsequent
discussions.

4.1.2. Finite element validation
It should be noted that at present there exists no study, either

theoretical or experimental, on the vibration and buckling
behaviors of foam-filled composite corrugated sandwich plates.
nal critical temperature change g, (c) natural frequency �x, and (d) nondimensional
ts and corrugation made of different materials (t=l ¼ 0:05; b=a ¼ 1; h ¼ 45� ; and
is made of 4-layer cross-ply laminated face sheets and unidirectional laminated



Fig. 5. Effect of side-to-thickness ratio a/h on (a) critical temperature change DTcr , (b) nondimensional critical temperature change g, (c) natural frequency �x, and (d)
nondimensional natural frequency f, for R31 foam-filled corrugated sandwich plates with face sheets and corrugation made of different materials
(t=l ¼ 0:05; a=h ¼ 50; h ¼ 45�; and hf =h ¼ 0:10). The T700/3224 composite corrugated sandwich (½0�=90��2½Core�½90�=0��2) is made of 4-layer cross-ply laminated face sheets
and unidirectional laminated corrugation with fiber perpendicular to the prismatic direction.
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Therefore, to validate the current analysis, finite element (FE) sim-
ulations via commercially available FE code ABAQUS are carried
out. A 20-node brick element with parabolic basis function
C3D20R, which yields more accurate stresses than shell elements
in the thickness direction, is used to model the foam filler and face
sheets. Corrugated core members are modeled using an 8-node
second-order shell element S8R5 with reduced integration. The
embedded element technique is invoked to simulate the mutual
effect between foam matrix and corrugated members, where the
shell elements of corrugated panels (i.e. S8R5 as the embedded ele-
ments) are embedded in the solid elements of foam core (i.e.
C3D20R as the host elements). Perfect bonding is assumed at the
interfaces between the core and face sheets. Simply supported
boundary conditions are implemented using coupling constraints.
A linear perturbation analysis step is applied to extract the natural
frequency and critical buckling temperature change. For symmet-
ric polymer foam Rohacell 31-filled T700/3234 composite corru-
gated sandwich square plates (Table 7), the face sheets are made
of 4-layer cross-ply laminates, the corrugated members are made
of unidirectional laminates (with fiber perpendicular to the pris-
matic direction of core), and the side-to-thickness ratio a/h is var-
ied from 24 to 72, with t=l ¼ 0:05, h ¼ 45� and hf =h ¼ 0:10.

As is shown in Table 8, good agreement between FEM simula-
tion results and theoretical predictions obtained from both the
HTPSDT and HSPSDT models is achieved. (Extra FEM simulations
have been carried out for the validation study, as shown in latter
Figs. 7 and 10.) The effectiveness of combining the homogenization
technique and the refined shear deformation plate theory is thus
demonstrated for foam-filled corrugated sandwich structures. Typ-
ically, the theoretical predictions are slightly smaller than the FEM
results, since errors in calculating the overall properties of the
equivalent continuum are inevitable. In the following section, the
HSPSDT model is employed to investigate systematically the per-
formance of foam-filled corrugated sandwich plates.

4.2. Parametric study of critical temperature change and natural
frequency

The effects of geometric and material parameters on the
thermal stability and free vibration of symmetric foam-filled



Fig. 6. Effect of layer number of cross-ply laminated face sheets on dimensionless natural frequency and critical temperature change, with the stacking sequence classified
into symmetric type ([0�/90�]K[0�]) and anti-symmetric type ([0�/90�]K): (a) b=a ¼ 0:5 and (b) b=a ¼ 2. Parameter K (ranging from 0 to 5) denotes layer number of face sheets.

Fig. 7. Effect of face-to-thickness ratio hf/h on critical temperature change and
natural frequency of symmetric T700/3234 laminated composite corrugated
sandwich plate having b/a = 1, a/h = 50, t/l = 0.05 and h = 45�. Solid symbols refer
to the theoretical predictions while hollow symbols denote the results from FEM.
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corrugated sandwich plates are quantified. For convenience,
dimensionless natural frequency and critical buckling temperature
change are introduced, as:

�x ¼ 100xa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq=E1Þl

q
; DTcr ¼ DTcral

2 � 103 ð59Þ

where the superscript/subscript l denotes laminated composite
(T700/3234). Further, to reveal the superiority of foam-filled corru-
gated sandwich plates over more conventional solid structures,
two nondimensional parameters are defined as:

g ¼ DTcr=DTs; f ¼ x=xs ð60Þ
where DTs and xs are the critical temperature change and natural
frequency of a T700/3234 unidirectional laminated composite (fiber
along the x-direction) solid plate having the same weight, length,
width and boundary conditions as those of the present sandwich
plate. Then the thickness of the reference solid plate is:

hs ¼ ð2hfqs þ hcqcÞ=ql ð61Þ
4.2.1. Effects of aspect ratio and side-to-thickness ratio
Figs. 4 and 5 show the effects of aspect ratio b/a and side-to-

thickness ratio a/h on the critical temperature change and natural
frequency of R31 foam-filled corrugated sandwich plates with face
sheets and corrugation made of different materials: T700/3234
graphite/epoxy laminated composite, 304 stainless steel, and Ti-
6Al-4V (Table 7). It is worth mentioning that the composite corru-
gated sandwich plate is made of cross-ply laminated face sheets
and unidirectional laminated corrugated panels.

As can be observed from Figs. 4a, c and 5 5a, c, the critical tem-
perature change and natural frequency decrease rapidly with
increasing b/a or a/h. The results of Figs. 4b, d and 5b, d demon-
strate that the T700/3234 composite corrugated sandwich plate
exhibits the highest structural efficiency due to the highest
stiffness-to-mass ratio of its parent material. In contrast, the sand-
wich plate made of 304 stainless steel is even inferior to the
T700/3234 composite solid plate, i.e., the reference plate. More-
over, the non-dimensional critical temperature g and frequency f
decrease as b/a increases, but almost remain constant as a/h
increases. This implies that the structural efficiency of a foam-
filled corrugated sandwich plate decreases by increasing b/a, but
remains almost the same as a/h is varied.

Subsequent discussions are all limited to symmetric T700/3234
laminated composite corrugated sandwich plates having b/a = 1
and a/h = 50.
4.2.2. Effects of layer number and face-to-thickness ratio of cross-ply
laminated composite face sheets

Influence of layer number of cross-ply laminated composite
face sheets upon the natural frequency (plotted as a function of
temperature change) is presented in Fig. 6, for representative val-
ues of the aspect ratio b/a. The stacking sequence of the face sheets
is classified into symmetric type ½0�=90��K ½0�� and anti-symmetric
type ½0�=90��K , where K denotes the layer number of face sheets.
It is seen from Fig. 6 that the natural frequency decreases mono-
tonically to zero when the temperature change is increased to
the critical buckling one, because the stiffness of the matrix
ð½K� � DT½KG�Þ decreases rapidly as soon as the temperature change
reaches the critical one. It is also intriguing to find that square
sandwich plates (b/a = 1) are insensitive to variations of K. In
contrast, for rectangular plates with b/a = 0.5 (Fig. 6a), the critical



Fig. 8. Effects of corrugation angle and fiber stacking direction of corrugation on (a) critical temperature change and (b) natural frequency of symmetric T700/3234 laminated
composite corrugated sandwich plate having b/a = 1, a/h = 50, hf/h = 0.10, and t/l = 0.05.

Fig. 9. Effects of corrugation slenderness and fiber stacking direction of corrugation on (a) critical temperature change and (b) natural frequency of symmetric T700/3234
laminated composite corrugated sandwich plate having b/a = 1, a/h = 50, hf /h = 0.10, and h = 45�. In Fig. 9a, the results obtained by neglecting the thermal expansion of foam-
filled corrugated core are included as reference.
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temperature change and natural frequency increase as K is
increased. In general, sandwich plates with anti-symmetric face
sheets are superior to those with symmetric face sheets; however,
the tendency is reversed for plates with b/a = 2 (Fig. 6b).

The dependence of critical temperature change and natural fre-
quency upon face-to-thickness ratio hf/h is presented in Fig. 7. Both
initially increase and then gradually decrease as hf/h is increased.
The value of hf/h for maximal critical temperature change is differ-
ent from that causing maximal natural frequency.

4.2.3. Effects of geometric parameters and fiber stacking orientation of
corrugation

The effects of corrugation angle and corrugation slenderness on
critical temperature change and natural frequency are shown in
Figs. 8 and 9, respectively. Two cases of unidirectional corrugation
fiber perpendicular and parallel to the prismatic direction (PD) are
considered, defined as Case A and Case B, respectively. It is seen
from Fig. 8a that the critical temperature change increases mono-
tonically with increasing h for Case B, but increases first and then
decreases with increasing h for Case A. In contrast, the natural fre-
quency increases first and then decreases with h, peaking at
h ¼ 45� for both cases (Fig. 8b). As shown in Fig. 9a, as the corruga-
tion slenderness increases from 0.01 to 0.2, the critical tempera-
ture change increases for Case B and decreases for Case A. For
comparison, the results obtained by neglecting the thermal expan-
sion of foam-filled corrugated core are also presented as gray lines
in Fig. 9a. The large deviation of the gray lines from the solid lines
indicates the significant influence of sandwich core thermal expan-
sion on critical temperature change. Moreover, with the increase of
corrugation slenderness, the density of the core increases, resulting
in higher structural weight but smaller natural frequency (Fig. 9b).
The results of Figs. 8 and 9 also imply that the critical temperature
change and natural frequency for Case B are generally larger than
those for Case A.



Fig. 10. Effects of foam material on natural frequency as a function of temperature
change for the symmetric T700/3234 laminated composite corrugated sandwich
plate (b/a = 1, a/h = 50, hf /h = 0.10, t/l = 0.05 and h = 45�) having the corrugation
fiber perpendicular to prismatic direction (PD). Solid symbols refer to the
theoretical predictions while hollow symbols denotes the results from FEM. For
brevity, only the FE calculated results of sandwich plates with empty and Alporas
foam-filled corrugated cores are added in the figure.
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4.2.4. Effect of foam material
To explore the influence of foam filler, Fig. 10 plots the natural

frequency as a function of temperature change for the foam mate-
rials listed in Table 7. Let RC31, RC51, RC71 and AC denote compos-
ite corrugated sandwich plates filled with Rohacell 31 (R31),
Rohacell 51 (R51), Rohacell 71 (R71), and aluminum foam (Alpo-
ras), respectively, and let Empty denote un-filled corrugated sand-
wiches. It is striking to find that foam filling slightly reduces the
natural frequency and critical temperature change of corrugated
sandwich plates by 2.4–13.7%. A stiffer foam leads to smaller nat-
ural frequency and critical temperature change, because the foam
filling contributes little to the structural stiffness but increases
the structural weight and thermal expansion coefficient. However,
the tendency may be reversed, or at least the difference between
sandwiches with and without foam-filling may be smaller in
higher frequencies due to the occurrence of local vibration modes.
Extra FE simulations (not shown here for brevity) reveal that foam
filling can effectively suppress local buckling and local vibration.

5. Conclusions

Free vibration and buckling of foam-filled composite corrugated
sandwich plates under uniform thermal loading are investigated
theoretically. The refined shear and normal deformation theory
incorporating two kinds of combinations of hyperbolic and
parabolic shear shape functions is employed, with the foam-filled
�N1
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x d11ws þ 2AT1
xy d12w

AT4
x d11wb þ 2AT4

xy d12wb þ AT4
y d22wb þ AT4

x d11ws þ 2AT4
xy d12w

8>>>>><
>>>>>:
corrugated core treated as homogeneous continuum with equiva-
lent material properties. The main conclusions are summarized
as follows:

1) The present theoretical predictions are in good agreement
with the results from literature and FE simulations, validat-
ing the effectiveness of the refined shear deformation theory
with combined hyperbolic and parabolic shape functions
and the thermo-elastic homogenization procedure of foam-
filled composite corrugated sandwich cores.

2) The combined hyperbolic-sin and polynomial shear defor-
mation theory predicts better than the combined
hyperbolic-tangent and polynomial shear deformation
theory.

3) T700/3234 composite corrugated sandwich plates have the
highest structural efficiency due to the highest stiffness-to-
mass ratio of the carbon fiber-reinforced composite, com-
pared with those made of Ti-6Al-4V and 304 stainless steel.

4) Aspects including the aspect ratio, side-to-thickness ratio,
layer number and face-to-thickness ratio of cross-ply lami-
nated face sheets, together with the geometric parameters
and fiber stacking orientation of unidirectional composite
corrugation affect significantly the natural frequency and
critical temperature change of foam-filled composite corru-
gated sandwich plates. Corrugation fiber parallel to the pris-
matic direction with corrugation angle of h ¼ 45� leads to
the highest natural frequency and moderately higher critical
temperature change.

5) Foam filling slightly decreases the global natural frequency
and critical temperature change of corrugated sandwich
plates by 2.4%�13.7%.

6) The present study provides an efficient approach of vibration
and stability analysis for foam-filled composite sandwich
plates subjected to mechanical and thermal loadings, and
can be extended to cover other types of sandwich or multi-
layer plate s.
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Appendix A. Detailed expressions of the thermal loads

By substituting Eq. (23) into Eq. (40), the thermal loads
�Niði ¼ 1;2;3;4Þ are obtained as:
þ AT2
y d122wb þ AT3

x d111ws þ 2AT3
xy d112ws þ AT3

y d122ws

þ AT2
y d222wb þ AT3

x d112ws þ 2AT3
xy d122ws þ AT3

y d222ws

s þ AT1
y d22ws þ AT4

x d11uz þ 2AT4
xy d12uz þ AT4

y d22uz

s þ AT4
y d22ws þ AT5

x d11uz þ 2AT5
xy d12uz þ AT5

y d22uz

9>>>>>=
>>>>>;

ðA:1Þ
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where
ATi
x

ATi
xy

ATi
y

8>><
>>:

9>>=
>>; ¼

XK
n¼1

Z hn

hn�1

FiðzÞ
ðQ11 � Q2

13
Q33

Þax þ ðQ12 � Q13Q23
Q33

Þay þ ðQ14 � Q13Q34
Q33

Þaxy

ðQ12 � Q23Q13
Q33

Þax þ ðQ22 � Q2
23

Q33
Þay þ ðQ24 � Q23Q34

Q33
Þaxy

ðQ14 � Q34Q13
Q33

Þax þ ðQ24 � Q34Q23
Q33

Þay þ ðQ44 � Q2
34

Q33
Þaxy

8>>>><
>>>>:

9>>>>=
>>>>;

ðnÞ

dz; ði ¼ 1;2; . . . ;5Þ ðA:2Þ
The functions FiðzÞ (i=1,2, ..,5) are expressed by:

fF1ðzÞ; F2ðzÞ; F3ðzÞ; F4ðzÞ; F5ðzÞg ¼ f1; z; f ðzÞ; gðzÞ; g2ðzÞg ðA:3Þ
Appendix B. Elements of [K], [KG] and [M] matrices

The structural stiffness matrix is:

½K� ¼

k1;1 k1;2 k1;3 k1;4 k1;5
k2;2 k2;3 k2;4 k2;5

k3;3 k3;4 k3;5
symmetric k4;4 k4;5

k5;5

2
666664

3
777775 ðB:1Þ

where

k1;1 ¼ A11k
2 þ A33l2; k1;2 ¼ ðA12 þ A33Þkl;

k1;3 ¼ �½B11k
2 þ ðB12 þ 2B33Þl2�k;

k1;4 ¼ �½Bs
11k

2 þ ðBs
12 þ 2Bs

33Þl2�k; k1;5 ¼ �L1k;

k2;2 ¼ A33k
2 þ A22l2; k2;3 ¼ �½ðB12 þ 2B33Þk2 þ B22l2�l;

k2;4 ¼ �½ðBs
12 þ 2Bs

33Þk2 þ Bs
22l

2�l; k2;5 ¼ �L2l;
k3;3 ¼ D11k

4 þ ð2D12 þ 4D33Þk2l2 þ D22l4;

k3;4 ¼ Ds
11k

4 þ ð2Ds
12 þ 4Ds

33Þk2l2 þ Ds
22l

4;

k3;5 ¼ Lb1k
2 þ Lb2l

2;

k4;4 ¼ Hs
11k

4 þ ð2Hs
12 þ 4Hs

33Þk2l2 þ Hs
22l

4 þ As
11k

2 þ As
22l

2;

k4;5 ¼ ðLs1 þ As
11Þk2 þ ðLs2 þ As

22Þl2;

k5;5 ¼ As
11k

2 þ As
22l

2 þ Rs ðB:2Þ
The geometric stiffness matrix induced by initial in-plane ther-

mal stresses is:

½KG� ¼

kg
1;1 kg

1;2 kg
1;3 kg

1;4 kg
1;5

kg
2;1 kg

2;2 kg
2;3 kg

2;4 kg
2;5

kg
3;1 kg

3;2 kg
3;3 kg

3;4 kg
3;5

kg
4;1 kg

4;2 kg
4;3 kg

4;4 kg
4;5

kg
5;1 kg

5;2 kg
5;3 kg

5;4 kg
5;5

2
66666664

3
77777775

ðB:3Þ

where

kg
1;1 ¼ AT1

x k2 þ AT1
y l

2; kg
1;2 ¼ 0; kg

1;3 ¼ �ðAT2
x k2 þ AT2

y l
2Þk;

kg
1;4 ¼ �ðAT3

x k2 þ AT3
y l

2Þk; kg
1;5 ¼ 0kg

2;1 ¼ 0;

kg
2;2 ¼ kg

1;1; k
g
2;3 ¼ �ðAT2

x k2 þ AT2
y l

2Þl; kg
2;4 ¼ �ðAT3

x k2 þ AT3
y l

2Þl;
kg
2;5 ¼ 0kg

3;1 ¼ 0; kg
3;2 ¼ 0; kg

3;3 ¼ kg
1;1; k

g
3;4 ¼ kg

1;1;

kg
3;5 ¼ AT4

x k2 þ AT4
y l

2; kg
4;i ¼ kg

3;i; ði ¼ 1;2; :::;5Þkg
5;1 ¼ 0; kg

5;2 ¼ 0;

kg
5;3 ¼ kg

3;5; k
g
5;4 ¼ kg

4;5; k
g
5;5 ¼ AT5

x k2 þ AT5
y l

2 ðB:4Þ
The mass matrix is:

½M� ¼

m1;1 m1;2 m1;3 m1;4 m1;5

m2;2 m2;3 m2;4 m2;5

m3;3 m3;4 m3;5

symmetric m4;4 m4;5

m5;5

2
6666664

3
7777775

ðB:5Þ
where

m1;1 ¼ I1;m1;2 ¼ 0; m1;3 ¼ �I2k; m1;4 ¼ �I4k; m1;5 ¼ 0;
m2;2 ¼ m1;1; m2;3 ¼ �I2l; m2;4 ¼ �I4l; m2;5 ¼ 0;

m3;3 ¼ I1 þ I3ðk2 þ l2Þ; m3;4 ¼ I1 þ I5ðk2 þ l2Þ; m3;5 ¼ I7;

m4;4 ¼ I1 þ I6ðk2 þ l2Þ; m4;5 ¼ m3;5;

m5;5 ¼ I8
ðB:6Þ
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