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Abstract The propagation of thickness-twist waves in an inhomogeneous piezoelectric plate with an imper-
fectly bonded interface is investigated. Based on the spring-type relation, the imperfectly bonded interface is
dealt with, and the exact solution is obtained from the equations of the linear theory of piezoelectricity. The
amplitude ratio between the incident wave and the reflected wave, the displacement component and the stress
component are all obtained and plotted. Both theoretical analysis and numerical examples show that the effect
of the mechanical imperfection on the wave propagation is more evident than that of the electrical imperfection.
When the incident wave frequency and the mechanical imperfect parameter meet some particular relation, no
reflected waves can appear in the piezoelectric plate. The results are of fundamental importance to the design
of resonators and other devices when imperfect joints are considered.

1 Introduction

Waves in elastic and piezoelectric structures are widely used to make various acoustic wave devices including
resonators for time-keeping and frequency control, sensors for information gathering and filters for telecom-
munication, etc. [1,2]. This includes both the so-called surface acoustic waves (SAW) and bulk acoustic waves
(BAW). Thickness-twist vibration modes of crystal plates are often used as the operating modes for resonators
and acoustic wave sensors [3—-5]. When the sixfold axis of a 6 mm crystal is parallel to the major surface of
a plate, thickness-twist waves can propagate in an unbounded plate [6]. The thickness-twist mode also exists
in an inhomogeneous piezoelectric plate, such as the plate in which the central portion is different from the
rest portions [7], the plate with a joint between two semi-infinite piezoelectric plates [8] and the plate which
consists of multisectioned piezoelectric materials [9] etc.

Most of the work is on perfect bonding between the two layers [10—12]. It has been recently pointed out
that imperfect bonding sometimes exists in devices, e.g., the aging of the glue which is applied at an interface,
the defection of fabrication, and corrosion of the materials, [13,14]. Jin et al. [15] and Liu et al. [16] have
investigated the effect of the imperfect interface on the propagation of Love waves in homogenous piezoelectric
layered structures and graded composite structures, respectively. In the simplest description of the mechanical
behavior of an imperfect interface, the interface can be treated as a layer that geometrically has a zero thickness
but still possesses elasticity and interface elastic strain energy, e.g., the shear-lag model in which the tangential
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displacement at an interface is allowed to be different from both sides of the interface in order to account for
the deformation of the interface layer [17,18].

In the present contribution, we investigate the effect of the imperfectly bonded interface in an inhomo-
geneous piezoelectric plate with a joint between two semi-infinite piezoelectric plates on the properties of
thickness-twist waves by using a spring-type relation [19], which is different from the shear-lag model [17,18].
Different from the previous work [15-17], the mechanical imperfection and the electrical imperfection are
all taken into account simultaneously. Since the material tensors of crystals of 6 mm symmetry have the same
structures as polarized ceramics, our analysis is also valid for 6 mm piezoelectric crystals. This includes widely
used materials like ZnO and AIN.

2 Governing equations and propagating wave solutions

Consider an inhomogeneous piezoelectric plate of uniform thickness 2/, which consists of two different 6 mm
crystals or polarized ceramics, as shown in Fig. 1. The ceramic material is poled in the x3 direction determined
by the right-hand rule from the x; and x; axes. The left portion x| < 0 is made of one piezoelectric material,
and the right portion x; > 0 is made of another one. The interface of the two materials x; = 0 is assumed to
be imperfect. The plate is unelectroded, and the surfaces are traction free at x; = £h.

2.1 Governing equations

Due to the relatively high symmetry of 6 mm crystals, the structure allows simple and exact modes with only
one anti-plane displacement u3, which is coupled with the electric potential ¢ i.e., thickness-twist waves [7-9]

up =0,up =0,u3 =ulxy, x2,1), @ =p(x1,x2,1) (1)
which are governed by
cVu + eV2<p = pii, eViu— £V2<p =0 (2)

where the elastic constant, the piezoelectric, and the dielectric permittivity coefficients are ¢ = c44, e = e15,
and ¢ = g1, respectively. The dot denotes time differentiation, and p is the mass density. A function ¥ can
be introduced through ¢ = ¥ + eu/e [8—10], and the governing equations for u and i are

eViu = pii, VY =0 3)

in which V2 = 82/8x% + 82/8x§ is the Laplace Operator, and ¢ = ¢ + 2 /¢. The nontrivial stress and the
electric displacement components are

T3y = cu,p e, 131 =cu,1 +ey,; 4
Dy = —e¥r,2, D1 = —sy,

where an index after a comma denotes partial differentiation with respect to the relative coordinate.

Ax,

=| Picezoclectric| Piczoclectric .,
material I material II -

N

The imperfect interface

Fig. 1 An inhomogeneous piezoelectric plate with an imperfectly bonded interface
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2.2 Boundary conditions
For the unelectroded and traction-free surfaces, D, = 0 and 773 = 0 at x, = =%h, this is equal to
xy==xh:u,=0, v,,=0. 5)

For the imperfectly bonded interface at x; = 0, we adopt the spring-type relation [19], which requires
Th=T5=Ku"—u"
x1:0:[ 143_ 13 (M+ ui) (©6)
D1 =D1 =T(p"—9¢)

where K (N/m?) is the effective interface elastic stiffness parameter, and I'(C/V m?) is the electrical imper-
fection parameter, which simultaneously describe how well the two materials are bonded. When K = 0 and
I' = 0, the two half-spaces lose their mechanical and electrical interaction. When K = oo and I' # oo, we
consider the electrical imperfection only. The circumstance of I' = co and K # oo is the only consideration
of the mechanical imperfection, which is the same as the shear-lag model [15-18]. The case of K = oo and
I' = oo is for the perfect interface with continuous displacement and electric function across the joint.

2.3 An exact propagating wave solution

Assume that an incident wave comes from x; = —oo, travels normally at the imperfect interface x| = 0,
reflects, and transmits. Following Yang et al. [7], the solutions to Eq. (3) can be classified into waves symmet-
ric or anti-symmetric in x,. Taking the symmetric modes for example, # and v can be written as

.| u=cos(&2x2)[A1 exp(i&1x1) + Az exp(—i&1x1)] exp(—iwt)

=0 [ ¥ = cos(622) B exp(E2x1) exp(—ion) -1
| u=cosEx) A exp[i (&]x1 — wt)]

2 20: [ ¥ = cos(Eaxa) B exp(—Eaxy) exp(—iwr) (7:2)

where Aj, A;, and A’ stand for the incident wave, the reflected wave, and the transmitted wave, respectively;
B and B’ represent a nonpropagating field localized near the joint. e is the wave frequency, and i> = —1.
Considering Egs. (3) and (5), &, &1, and S{ satisfy

H="" =024
2_2}1’ m=VY,2,4,...,

2 2~ 1
_ PO 2 [P z_(’"_”) e — 2 3
3 = = w 0 F or w (O (8)

where vy = /¢/p and v, = /c’/p’ are the bulk shear wave velocities of the piezoelectric material occupying

x1 < 0and x; > 0, respectively. a)rzn = (%)2% and a);rz1 = (%)ZE—: are the cutoff frequencies of thickness-

twist waves in the left and right portions. In particular, m = 0 is called the face-shear mode, which will not be
considered here [7].
Equation (7) has already satisfied Egs. (3) and (5), so inserting Eq. (7) into (4), we can get

o <0- T31 = cos(&axp){i&1c[Ar exp(i&1x1) — Az exp(—i&1x1)] + e&2 B exp(§2x1)} exp(—iwt), ©.1)
1 =""] D1 = cos(&2x2)[—&&2 B exp(&2x1)] exp(iot), ‘

>0 l T31 = cos(éxx2) [i&]' A’ exp (i&{x1) — €'& B’ exp(—&ax1) | exp(—iwt), 9.2)
P'=""] Dy = cos(&ax2)[¢'€2 B exp(—&xx1)] exp(iwt). '
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Substituting Eq. (9) into (6) gives

i%']/E/A/ — e/sz/ =i&1cA1 —i&1cAy + €& B,
iE(CA"—'&HB = K(A' — A — Ay),
—e&rB =¢'6B, (10

le ) ;e e e
g&HB =T B+—/A—B——A1——A2 .
& & &

We rewrite the above equations into the following form:

i§ilc —es iff?;/_, —6:52 A, i£e
1 0 —1+4=K e B | _]-1
0 e 0 g A[T]0 [A an
e ~9 1482 | LB —F

A A A’ A B A B’ A
2 Ay A 3 B A (12)

Al A A AT AL A A A

where

N\ 2 ’
A =—(i&1c+iE]F) (e +&)) — ec'ts (g ~ g) + ngz (i1 + &) + —glcgch;ss
1 e \?
+x 1—51551’5/(8 +é) +ec's { (g) +t§1c( ) “ :
A= (e+¢) (i§]¢ — i&iC) +ee's (f - —) 52 (i&¢— i) + higicees (13)
e KT
1 o e e\?
] —B1EE T e + &) +ec'ta | i1 (Z) -igi@ (2) |t
/ / / 1 /
Aoy = —2ik1E(e + &) + 206155 (% + %) As = 2igc6 (S - %) n Ezg@g{a’e%,

/

.- [e e 1 e
A4 = 21516‘8 (; — ;) — E2§]C§{C/€.

2.4 Some observation on the imperfect joint

We examine below some special cases of the two parameters K and I', which are used to define the imperfect
joint.
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(A) If we only consider the mechanical imperfection, i.e., K # 0 and I' = oo, which is the same as a
shear-lag model, Eq. (13) can be written as

=~ 7= , , e e 2
A:—(iflc+i$1c)(8+8)—£s§2(g_;)
] -/ =/ / / et e 2 . ~ e/ 2
+E —510516 (e+¢€)+ee 3,-'2 lslc (g) + lflC (;) ’

N\ 2
Ay = (s +¢) (i) — i£10) +e6'&r (S _ "_) (14)

8/

1 =&/ =/ / / . = e/ : ./ =/ e 2
tx —§1c81c (e +€) e 1516(5) —i§c (g) ;

o , e -, fe € 1 . €
Ay = =2i&1c(e +€') +2i&1ckhr— , A3 =2i&ice’ | - — = )+ =28 1c§ice—,
K e & K £

/

. _ fe e 1 o
Ag = 2i&ce Pl E2§1c§1c e.

(B) Similarly, if we consider the electrical imperfection only, i.e., I' # 0 and K = o0, Eq. (13) can be

written as

v = asl =t / / € e g 88/52 ve = S =t

A=—(i§ic+igd)(e+¢) -’ - + (ig1c+i&c),
N (rel =l e = / e e’ z ee'e /=

Al =(e+e) (i57 —igie) +ed'ta | - — 5 )+ (618 —ig7), (15)

e - o, ee -, e € o _fe €
Ay = =2i&ic(e+ &) +2i&1ckh—, Ay =2i&ice’ | — — — ), Ay =2i&ice{—-—— ).

r e & g &

(C) If the interface is perfect, i.e., K = co and I' = oo simultaneously, Eq. (13) can be written as

2 N\ 2
o e ¢ L e e
A=—(i&c+igl) (e +&) —e'sy (E — ;) LA = (e+¢) (i&]¢ — i&ic) +ee'E (E — ?) ,
/ /
Ay = —2iE1E(e + &), Ay = 2i&,G¢’ (S - g) Ay = 2iiGe (Z — g) (16)

which possesses exactly the same expressions as obtained in the work by Yang [8].
(D) When K = 0 and I' = 0, the two piezoelectric materials lose completely both their mechanical and
electrical interaction.

A detailed comparison between Eqgs. (14) and (15) is listed in Table 1, which could theoretically give us an
illustration on how much different the two imperfections affect the field quantities when the thickness-twist
waves propagate through the imperfect joint. Some simple discussion can be made below.

Table 1 The contrasting between the mechanical imperfection and the electrical imperfection

The mechanical imperfection The electrical imperfection
2 ,
A 1 {—3;'153;']/5/(8 +e) +ects [ié{é’ (&) +igié(9) “ <8 (151 + i8] )
N2 ,
Ay < {—5155{6/(8 +&) +ee’s [islé (%) — i (g)z] } el (ig¢ - i£]¢)
Ay 2i806, % 26106, %
A3 Logeg|cet 0

As —+28 18] Ce 0
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For A, the dominant term —&;¢&{c’(e 4+ ¢’)/K for the mechanical imperfection has the order of the product of
¢ and ¢’, while the term eg’&>(i&1¢ + i&{c’)/ T for the electrical imperfection has the order of the summation

of ¢ and ¢'. Generally speaking, ¢ and ¢’ have the order of 10'°. Hence, when K and I take the same value
simultaneously, the effect of the mechanical imperfection is much larger than that of the electrical imperfection.
For A1, we can get the same conclusion.

For A,, the ratio of the term 2i&;c&yee’ /K for the mechanical imperfection to the term 2i&1c&e¢”/ T for the

electrical imperfection is E;;/%{; Obviously, the effect of the mechanical imperfection is more evident than

that of the electrical imperfection when K and I' have the same value simultaneously. For A3 and A4, the
same conclusion can be obtained easily.

3 Numerical examples

As we know, the plate cannot propagate the waves single with the frequency which is smaller than the cutoff
frequency of the left portion [20,21], so the frequency of the incident wave satisfies w > wp,. We choose PZTS
and PZT6B for the left and right portions, respectively. The corresponding material parameters are listed in
Table 2 [22]. As a numerical example we consider the case m = 2, and the plate thickness is chosen to be
h = 1mm.

3.1 The contrast between the mechanical imperfection and the electrical imperfection

In the previous Sections, we have concluded that the effect of the mechanical imperfection is more evident
than that of the electrical imperfection. In order to prove the above conclusion further, we calculate A>/A1
and A’/A| by using the same selected values for K and I" when one of them is fixed to infinity. The results
are listed in Table 3.

It can be seen from Table 3 that the electrical imperfection basically has no effect on the values of A2/A
and A’/Aj, while the mechanical imperfection has a significant effect on the values of Ay/A; and A’/Aq,
which are consistent with the conclusion obtained from previous theoretical analysis. In the following discus-
sion, we will ignore the electrical imperfection and consider the mechanical imperfection only, i.e., [ = 0o
and K # oo. Furthermore, when the interface is perfect (K = oo, I' = 00), the displacement component is
continuous, i.e., A/A; + 1 = A’/Aj. On the other hand, the displacement component is not continuous for

Table 2 The material parameters used in the numerical computation

Materials p (kg/m3) ¢ (100 N/m?) e (C/m?) £ (1078 C/Vm)
PZT-6B 7550 3.55 4.6 0.360
PZT-5 7750 2.11 12.3 0.811

Table 3 A/A; and A’/A; at the same value of K and I’

w Kand I A2/A1 A//Al
w = 7.235MHz =00 K =00 0.00445413 1.00445413
=00 K = 1.0 x 101 N/m? 0.00734808 1.00475790
K = 0.5 x 101 N/m? 0.01024418 1.00505441
K = 0.2 x 10" N/m? 0.01894504 1.00590011
K =00 I =1.0 x 10'°C/Vm? 0.00445413 1.00445413
[ =0.5 x 10'°C/Vm? 0.00445413 1.00445413
[ =0.2 x 10'°C/Vm? 0.00445413 1.00445413
w = 7.474 MHz =00 K =0 0.26123128 1.26123128
=00 K = 1.0 x 101 N/m? 0.30975491 1.21421480
K = 0.8 x 1015 N/m? 0.33170382 1.18645000
K =0.5x 10" N/m3 0.42774050 1.05035898
K =00 [ =1.0x 10 C/Vm? 0.26123128 1.26123128
I =0.8 x 101 C/Vm? 0.26123128 1.26123128

I =0.5 x 101 C/Vm? 0.26123128 1.26123128
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the imperfect interface (K # oo) i.e., Ay/A;+1 # A’/A|. This point can be clearly seen from Table 3, which
validates the correctness of our numerical calculation.

3.2 The effect of imperfection when the frequency of the incident wave w satisfies wym < @ < @,

Figures 2a, b show, respectively, the amplitude ratio between the incident wave and the reflected wave A2/ A1
as the function with the frequency of the incident wave w and the effective interface elastic stiffness K at the
interface x; = 0. If the interface approaches perfectly, i.e., K = oo, the relation between A>/A;| and w is
linear, which can be seen from Fig. 2a clearly. Meanwhile, if the interface is imperfect, i.e., K # 00, this sort
of relationship becomes nonlinear, and with the increasing of the imperfection the tendency of the nonlinearity
becomes more and more evident. It can be concluded from Fig. 2a, b that the imperfect bonding makes the
reflected wave stronger (i.e., A>/A; becomes larger) when the incident wave frequency w keeps constant,
while the larger the incident wave frequency is, the stronger the reflected wave becomes as K keeps constant.

Especially, considering the perfect interface, the value of A>/A1 is zero when the frequency takes some
value between 7.23 MHz and 7.24 MHz. In other words, the incident wave with such a critical frequency will
totally transmit across the joint, and at the same time, no waves will be reflected at the interface. With the

(a) 107

0.8 1
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2

0.4 4
0.2 4
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b * 14, 3
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Fig. 2 The amplitude ratio between the incident wave and the reflected wave A>/A| when the frequency of the incident wave w

follow wm < w < w};,.a Ay/Aj as a function with the frequency of the incident wave w; b A3/ A as a function with the effective
interface elastic stiffness K
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No reflected waves

K (10"N/m?)

T T T — 7T
7.15 7.16 7.17 7.18 7.19 7.20 7.21 722 7.23

o (MHz)

Fig. 3 The effective interface elastic stiffness K as a function with the critical frequency w for zero-reflection

appearance of the imperfect bonding (i.e., K decreases from 00), the critical frequency for zero-reflection
becomes smaller. The relation between the critical frequency for zero-reflection and the imperfection K is
depicted in Fig. 3.

When the imperfection K and the frequency of the incident wave w follow the curve which is depicted as
Fig. 3, some energy of the incident wave is assimilated, and the other transmits totally. No reflected waves can
be received in the region x| < 0. Besides, above the curve A>/A| < 0, which means the reflected wave makes
the displacement of the incident wave weaker. Similarly, in the region below the curve, the reflected waves get
stronger.

Figure 4 shows the relative displacement along the x; direction at the middle plane x, = 0 of the plate. The
black curve is related to the perfect interface when w = 7.235 MHz that is the same as the results reported in
reference [8], which also provides that our computation results are correct. The red line in Fig. 4 corresponds to
the case of imperfect bonding and resembles the black line closely except for the displacement discontinuity at
the imperfect joint, which is due to the spring-type relation we have adopted. Whether the interface is imperfect
or not, the transmitted wave decays rapidly along the x| direction when the frequency satisfies wm < w < ..
Intheregion x; > 0.01 m, the displacement almost equals zero, which means we cannot receive the transmitted
waves in this region. This is related to the energy-trapping phenomenon of the thickness-twist modes [7-9].
For any point located in 0 < x; < 0.01 m, the displacement in the case of imperfect bonding is a little bit
smaller than that in the case of perfect bonding because the imperfect bonding also absorbs some energy of
the waves when they propagate through it. B

Defining 6713 = T3 — T103, in which TIO3 is the stress when the interface is perfect and 773 is the stress
with the imperfect interface. Assuming A; = 1 x 10™*m, the stress 713 and the stress change 8773 can be
calculated, results from which are shown in Fig. 5a, b, respectively. It can be seen from Fig. 5 that the distribu-
tion of 773 resembles that of the displacement distribution shown in Fig. 4, i.e., they fluctuate harmonically in
the incident half but decay rapidly and monotonically to zero in the transmission half, which is also because
of the energy-trapping phenomenon. However, different from Fig. 4, the stress 773 is continuous which is due
to the spring-type relation we have adopted. On the other hand, it can be readily seen from Fig. 5b that with
the increase of the imperfection (K decreases from 00), the amplitude of §773 in the incident half is gradually
increased while the stress change in the transmission half is negligible except for the close vicinity of the joint.
That means the imperfect bonding has more effect on the thickness-twist wave field in the incident half x| < 0
than that in the transmission half x; > 0 when wy < @ < w/,, which is also due to the energy-trapping feature
of the thickness-twist mode.

3.3 The effect of imperfection when the frequency of the incident wave w satisfies @ > w],

Figures 6a, b show, respectively, the amplitude ratio between the incident wave and the reflected wave Ay /A
as the function with the frequency of the incident wave w and the effective interface elastic stiffness K at the
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joint x; = 0 when the frequency of the incident wave w satisfies > /. It can be seen readily that the
amplitude ratio is never equal to zero, i.e., the incident wave does not achieve zero-reflection when the wave
frequency satisfies @ > ), which is different from the circumstance of vy < @ < w/,. From Fig. 6a, we
can conclude that the reflected waves get weaker and weaker with the increasing frequencies when K keeps
unchanged. However, the effect of the imperfection is not monotonous when the frequency w keeps constant,
which can be seen from Fig. 6b. The reflected waves get stronger firstly, achieve the maximum value at about
K = 0.2x 10" N/m?3, and then decrease, finally approach a steady value. The value of the imperfect parameter
K at which the reflected waves take their maximum values is independent of the incident wave frequency.

Figure 7 shows the relative displacement along the x| direction at the middle plane x, = 0 of the plate
when the frequency of the incident wave w = 7.47 MHz. The incident wave and the transmitted wave are all
harmonic along the x; direction when the frequency satisfies ® > ), which means there is no energy-trapping
phenomenon. The red line in Fig. 7 corresponds to the case of imperfect bonding and resembles the black line
closely except for the displacement discontinuity at the imperfect joint, which is similar to Fig. 4. It can also be
seen that the imperfect joint absorbs some energy of the incident wave since the amplitude of the transmitted
wave becomes smaller than that of the incident wave.

Figure 8 shows the stress and the stress change distribution along the x; direction at the middle plane
x3 = 0 of the plate when the frequency w = 7.47 MHz. The imperfection interface has a significant effect on
the stress distribution when the frequency satisfies @ > ), . Especially, the effect of stress is most evident at
the imperfect interface x| = 0.
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Fig. 8 The stress 773 and the stress change 6773 when w = 7.47 MHz. a The stress T3, b the stress change §713
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4 Conclusions

In order to depict the effect of the imperfect interface on the thickness-twist waves in an inhomogeneous
piezoelectric plate, an exact solution is obtained by using the spring-type relation. Theoretical analysis and
numerical simulation simultaneously show that the effect of mechanical imperfection is more evident than that
of the electrical imperfection on the wave properties. It is shown that there will be zero-reflection waves when
the frequency of the incident wave and the mechanical imperfection satisfy a particular relation. The results
reported in this paper not only can be used as benchmark for the further investigation of wave propagation
in the piezoelectric coupled structures, but also theoretically meaningful in the design of plate resonator and
acoustic wave sensors with high performance.
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