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An acoustomechanical theory of soft materials is proposed to account for the nonlinear large deformation
of soft materials triggered by both the ultrasound waves and mechanical forces. This theory is formu-
lated by employing the nonlinear elasticity theory of the soft material and the theory of acoustic radia-
tion force, which takes into consideration of the combination loading of mechanical forces and acoustic
inputs. While the propagation of acoustic wave depends on material configuration, the radiation force
generated by wave propagation deforms the material configuration. This complex interaction reaches a
steady state when the mechanical stress and the acoustic radiation stress are able to balance with the
elastic deformation stress. The acoustomechanical theory is employed to characterize the acoustomechan-
ical behaviors of thin soft material layers under different boundary conditions (e.g., equal-biaxial forces,
uniaxial force, and uniaxial constraint). Prestretches arising from these boundary conditions are shown to
play significant roles in affecting the acoustomechanical repsonse of soft material: the same material ac-
tuated from different prestretches and boundary conditions exhibits different stretch-stress relations. This

novel functionality enables innovative design of acoustic sensors and actuators based on soft materials.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Soft active materials capable of undergoing large deformation in
response to various external stimuli are promising candidates for
designing innovative sensors, actuators, medical devices, microflu-
idic manipulation devices, energy harvesters and adaptive robotics
(Stark and Garton, 1955; Zhang et al., 1998; Zhang et al., 2002).
A large body of existing works have been devoted to investigat-
ing the nonlinear large deformation and instabilities of soft ac-
tive materials, including dielectric elastomer actuated by electric
field (Suo et al., 2008; Zhao and Wang, 2014), magneto-active elas-
tomers trigged by magnitude field (Bustamante et al., 2006; Dorf-
mann and Ogden, 2004; Rudykh and Bertoldi, 2013), and those
sensitive to temperature (Chester and Anand, 2011) and environ-
ment salinity (Ohmine and Tanaka, 1982; Tanaka et al., 1980; Yeh
and Alexeev, 2015). In sharp contrast, the acoustomechanical actua-
tion performance of soft active materials received much less atten-
tion. To address this deficiency, we develop an acoustomechanical
theory for the nonlinear deformation of soft materials subjected
to combined mechanical force and acoustic inputs. A variety of
displacement/force boundary conditions are considered, including
equal-biaxial forces, uniaxial force, and uniaxial constraint.
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The propagation of ultrasonic wave with a frequency beyond
1MHz in medium can give rise to a steady time-averaged force
called the acoustic radiation force, due mainly to acoustic momen-
tum transfer between adjacent medium particles. This force can
reach a magnitude of several times MPa in air when the amplitude
of input sound pressure is ~1 MPa, which is sufficient large to in-
duce large nonlinear deformation in common soft active materials
with a modulus of several times kPa (Guo et al., 2016; Issenmann
et al., 2008; Xin and Lu, 2016a).

Lord Rayleigh first formulated a theory of radiation pressure
induced by compressional acoustic waves (Rayleigh, 1902, 1905),
while Brillouin was apparently the first to point out the second-
rank tensor nature of radiation pressure (Beyer, 1978; Brillouin,
1925). Subsequently, acoustic radiation force has been extensively
studied for calculating the acoustic radiation pressure on spheres
in the pathway of wave propagation (Doinikov, 1994; Hasegawa
and Yosioka, 1969; King, 1934; Yosioka and Kawasima, 1955), for
developing acoustical trapping and tweezers (Caleap and Drinkwa-
ter, 2014; Evander and Nilsson, 2012; Hu et al., 2007; Marx, 2015;
Shi et al., 2009; Silva and Baggio, 2015), for achieving acoustic lev-
itation and contactless handling of matter (Brandt, 2001; Foresti
et al., 2013; Foresti and Poulikakos, 2014; Xie et al., 2002), for
deforming fluid interface and biological tissue (Issenmann et al.,
2008; Mishra et al., 2014; Walker, 1999), for disrupting cross-linked
hydrogels for drug release (Huebsch et al., 2014), and so on. These
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investigations all take advantage of the large magnitude and non-
contact merits of acoustic radiation force.

Although the concept of acoustic radiation force has been ex-
plored in a variety of practical applications, at present there lacks
a comprehensive theoretical model to describe the large nonlinear
deformation of soft materials induced by a combination of acoustic
radiation forces and mechanical forces in the framework of con-
tinuum mechanics. The aim of this study is to formulate such an
acoustomechanical theory. To capture the main idea, we consider a
thin layer of nearly incompressible soft material subjected to com-
bined mechanical forces and acoustic inputs. Two opposing acous-
tic waves having identical frequency and amplitude are consid-
ered, so that the layer deforms but remains unmoved. The acous-
tic radiation force is calculated by determining the acoustic fields
in and out of the thin material layer (surrounded by fluid), with
the nonlinear elasticity of the material accounted for by adopt-
ing the Helmholtz free energy function. For illustration, the pro-
posed acoustomechanical theory is employed to analyze three spe-
cific cases (equal-biaxial force, uniaxial force, and uniaxial con-
straint), with special focus placed upon the effects of prestretches
caused by different boundary conditions on the acoustomechanical
response of the soft material.

2. Acoustomechanical theory of soft materials

Wave propagation in medium is essentially the transport of
energy density flux or momentum density flux, which gives rise
to radiation stresses in the medium when the propagation oc-
curs at nonlinear level or encounters discontinuous interfaces. For
instance, the forces induced by optical wave propagation are re-
ferred to as Maxwell electromagnetic radiation stresses and those
induced by acoustic wave propagation are called acoustic radiation
stresses. In particular, ultrasound wave propagating in soft materi-
als with a frequency as high as 1 MHz is able to generate a steady
time-averaged radiation force and hence cause material deforma-
tion, since the period of ultrasound wave is too short for material
response. This is the case considered in the present study.

Consider a homogenous isotropic soft material, whose bulk
modulus K =E/3(1 —2v) is generally much larger than its shear
modulus G = E/2(1 +v) so that the material is nearly incompress-
ible. As a result, the wave field in the soft material induced by nor-
mally incident acoustic waves is dominated by longitudinal waves.
In other words, as a good approximation, the nearly incompress-
ible soft material may be taken as fluid-like for wave propagation.
Correspondingly, acoustic radiation stress in the medium can be
derived by employing the second-order perturbation theory of the
Navier-Stokes equation, as (Borgnis, 1953; Lee and Wang, 1993;
Livett et al., 1981; Xin and Lu, 2016b,c,d,e):

pa [ (30\2\  pa((VE)?)
=33 (m) - 1+ (VO Ve (1)
where (T) is the second-rank acoustic radiation pressure (stress)
tensor, representing compression when positive and tension when
negative, ( - ) denotes time-average over an oscillation cycle, I is
the identity tensor, ¢ is the velocity potential, p, is the medium
density, and ¢, = (dp/dp)s is the acoustic speed in the medium.
Wave propagation in the medium is governed by the Helmholtz

equation A¢ — 1% _ 0, which can be solved by combining the

cZ2 9z T
corresponding boundary conditions in the Eulerian coordinates.
Once the wave field is determined, the acoustic radiation stresses

in and out of the material are calculated as:
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where the subscripts “1,2” represent the outside and inside
medium, respectively.

The radiation stress falls into the category of field concept as it
is induced by acoustic field, which can be treated as part of the
material law in Eulerian coordinates. To formulate the acoustome-
chanical theory, consider next the nonlinear elasticity of soft ma-
terials. To this end, the continuum material at a particular time
is assigned to the reference configuration. One can thence mark
each material particle using its coordinate X in the reference con-
figuration and mark each spatial point using its coordinate x in
the current configuration. Subsequently, the reference configura-
tion X is mapped to the current configuration x using the de-
formation gradient F = dx/0X. The Cauchy stress is related to the
first Piola-Kirchhoff stress via o = s - FT/det(F). Let dV(x) be a vol-
ume element with mass density p(x) and body force f(x, t). Let
n(x)dA(x) be a surface element with surface force f5(x, t), where
dA(x) is the area of the element and n(x) is the unit vector nor-
mal to the interface between two media (e.g., a thin soft mate-
rial layer and the surrounding fluid; Fig. 1) pointing outside the
soft material. Force balance of the volume element is described by
do /0 + 2 = pd2u/0t2, with force boundary condition o -n = f5,
u(x, t) being the displacement field.

To be specific, with reference to Fig. 1, consider a thin layer of
soft material subjected to combined mechanical force and acous-
tic inputs. It is assumed that the two opposing incident acoustic
waves are time-harmonic plane waves having identical amplitude
and frequency, which propagate along the thickness direction of
the layer. It is further assumed that the thin soft material layer
has a thickness comparable to acoustic wavelength and its in-plane
dimensions are much larger. For instance, a layer of dimensions
5mm x 100 mm x 100 mm satisfies this condition if an incident ul-
trasound wave traveling with a frequency on the order of MHz is of
concern. The thin layer with initial undeformed dimensions (Ly, Ly,
L3) in the reference configuration is deformed to dimensions (ly, [,
I3) in the current configuration. For the problem shown schemat-
ically in Fig. 1, the acoustomechanical theory can be formulated
by incorporating the acoustic stress field into the nonlinear elas-
tic stress field, so that the soft material behaves as an acoustome-
chanical responsive material to external mechanical forces. Conse-
quently, its constitutive law can be rewritten as:

ojj = EKLQ;FF) — (Tij) — Pudij (4)
JjK

where W(F) is the Helmholtz free energy, which is a symmetric
function of the principal stretches (1, Ao, A3) for an isotropic soft
material, and py, is the Lagrange multiplier to ensure the constraint
of nearly incompressibility (A{A;A3 ~ 1), which pertains to the hy-
drostatic pressure. Note that the acoustic radiation stress is put on
the right side of Eq. (4), implying that the acoustic input is con-
sidered as an insider, i.e., the acoustic radiation stress behaves as
part of the material law since it is a field force. When a focused
ultrasound wave with high intensity is incident upon the soft ma-
terial, the induced acoustic radiation stress (Tj;) can be comparable
with mechanical stress, thus enabling large nonlinear deformation
to develop in the material.

In the Cartesian coordinates of Fig. 1, the acoustic radiation
stress is a diagonal stress tensor for normally incident acoustic
waves and the principal stretches coincide with the coordinates,
so that the constitutive relation of the acoustomechanical soft
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Fig. 1. Schematic illustration of a layer of soft material subjected to combined mechanical force f and two counterpropagating acoustic inputs p = pge/t: (a) the layer has
undeformed dimensions (L;, Ly, L3) in the reference configuration; (b) the layer is deformed to dimensions (I4, I, I3) in the current configuration.

material can be rewritten as:
oW (A1, A2)

01 —03 =214 9 ((T1) — (Tz3)) (5)
02—U3=)»28W+:2’A2)—(<T22>—<T33>) (6)

The nonlinear elasticity of soft materials can be described by
adopting the Gent model (Gent, 1996). In the Gent model, the
Helmholtz free energy is expressed as a function of the principal
stretches:

(7)
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where p is the initial shear modulus and J,, is the extension limit.
The Gent model degrades to the neo-Hookean model when J;, ap-
proaches infinity. Inserting the Gent model into the constitutive re-
lation, one obtains:
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where the homogenized acoustic stresses along the thickness di-
rection are given by:

t
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For a thin material layer, this spatial averaging can simplify the
theoretical calculation without significant loss of the nature and
the accuracy of the problem. Due to material mismatch at the in-
terface, the acoustic radiation stress jumps discontinuously from
one side (ng(l3)) to the other side (T (l3)), the difference t; =
(ng(lg)) — (T4 (I3)) being the resultant stress that causes material
deformation.

Cauchy stresses induced by external mechanical forces f; and f,
can be expressed as:

t3
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Substitution of (11) into (8) and (9) yields:
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Eqs. (12) and (13) can be used to characterize the nonlinear large
deformation of soft materials actuated by acoustic wave at pre-
scribed force/displacement boundary conditions. The acoustic field
is solved in Eulerian coordinates, which highly depends on mate-
rial deformation. Specifically, at given material configuration and
acoustic inputs, both the acoustic field and the acoustic stress gen-
erated by the acoustic field are calculated. This acoustic stress
causes material deformation. In turn, the deformed material con-
figuration reshapes the acoustic field and acoustic stress distribu-
tion. Such acoustomechanical coupling reaches a steady state until
the acoustic stress and mechanical stress together balance with the
elastic deformation stress.

In the sections to follow, the effect of force/displacement con-
dition on the steady-state acoustical actuation response of a thin
soft material layer immersed in fluid is quantified, including equal-
biaxial force, uniaxial force and uniaxial constraint.

3. Model validation

To verify the proposed acoustomechanical theory for soft ma-
terials, a numerical model is developed by using the commercially
available FE (finite-element) software COMSOL Multiphysics. Since
this problem includes acoustic wave propagation and material de-
formation, the Pressure Acoustics module and the Solid Mechanics
module are adopted to establish the numerical model. The bound-
ary conditions of wave propagation and mechanical deformation
are fully taken into consideration. The length of each element is
selected to be one-twenty of the acoustic wavelength at the high-
est frequency (10 MHz) of interest to ensure the accuracy of the
numerical model.

The comparison between the proposed acoustomechanical the-
ory and the developed FE model for the acoustomechanical re-
sponse and the equivalent acoustic stresses offon the soft material
layer are presented in Fig. 2(a) and (b), respectively. As shown in
Fig. 2(b), the theory agrees well with the FE model for the equiv-
alent acoustic stresses. This is because at the given configuration
of the material layer (i.e., the given thickness of the layer l3), the
acoustic fields and acoustic radiation stresses can be readily calcu-
lated without overly depending on the material deformation. How-
ever, the FE calculation of the acoustomechanical response of the
soft material layer is relatively difficult. In the FE model, the ma-
terial deformation and acoustic fields are strongly coupled, and
thus this boundary-value problem should be dealt with by ap-
plying an incremental iterative scheme. We increased the acous-
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Fig. 2. (a) Comparison between the proposed theory and the numerical model. (a) the acoustomechanical response of soft material under two counterpropagating acoustic
inputs; (b) the corresponding equivalent acoustic stress (solid line: theoretical results; dot: numerical results). The initial thickness of the layer is considered to be L3 = A,

here A is the acoustic wavelength in the material.

Fig. 3. A thin layer of soft material subjected to equal-biaxial force f and acoustic
input p = pgeet.

tic inputs p%/(,upocg) step by step, and for each increment, the
FE model correspondingly calculated the acoustic radiation stress
and material deformation, and then updated the acoustic fields.
Repeating the above procedures, we can reach the series of steady
states at which the generated acoustic radiation stress balances
the deformation stress. Fig. 2(a) just plots these series of steady
states, namely, the given acoustic inputs p%/(,u,ooc%) are related
to the corresponding material deformation As; =I5/L3. The pro-
posed acoustomechanical theory is able to give excellent predic-
tions, while the FE model can only reproduce parts of the acous-
tomechanical response due to the convergence problem of numer-
ical calculation. Of course, the FE model can be further refined if
one can take more efforts to overcome the convergence problem.

4. Acoustical actuation under equal-biaxial force

Consider the acoustical actuation of a thin soft material layer
subjected to equal-biaxial mechanical force, as shown in Fig. 3.
The layer has undeformed dimensions (L;, L, L3) in the ref-
erence configuration. Upon exerting the equal-biaxial mechani-
cal force f, the layer is deformed to dimensions (AP™L;, AP™L,,
(AP€)—2L3) in the prestretch configuration. Further, when acoustic
inputs p = pge/®fare applied through the layer thickness, the two
counterpropagating acoustic waves generate a symmetric acous-

tic field as well as symmetric distribution of acoustic stress along
the thickness direction. Hence, one has A1 =X, =A and A3 =
A~2due to material deformation, with mechanical stresses o; =
o, = Af/(LyL3)and acoustic stresses t; = %f# (T11(2))dz and t3 =
(T3"g(13)) — (T{*(I3)) generated in the current actuated configura-
tion. Accordingly, the constitutive equations of (12) and (13) de-
grade to

Af LA =A%)

L1 1- QA2+ 124 -3)/]m
which describes the stretch A of the soft material layer caused by
equal-biaxial force f and acoustic inputs p = pge/®t. At prescribed
normalized mechanical force f/(uL,L3), the normalized acoustic
stress is a function of material stretch A, as

P w2 -2
(€1 —t3) poc | 1— (222 + A4 =3)/Jm

+(t1 —t3) = (14)

A f

w LyLs

P} 1

UpoCs

(15)

Correspondingly, for this fixed mechanical force f/(uL,L3), the pre-
stretch AP™ of the soft material layer can be obtained by solving
the following equation

f \pre _ ()\pre)—5

hols =1 - [2(h0e) + (1Pre) ™ = 3]

(16)

With the mechanical force f/(ulL3) fixed, as the acoustic stress
is increased, the material layer deforms to a succession of equi-
librium states, as shown by the stretch-stress relation curve of
Fig. 4(a). The prestretch AP induced by the mechanical force is
obtained from the initially acoustic load point, namely, the interac-
tion between the stretch-stress curve and the zero acoustic stress
line. At certain prestretch and acoustic stress, there exist at least
one or multiple equilibrium states, demonstrating the nonlinear
acoustomechanical behavior of the soft material layer. For differ-
ent prestretches, the stretch-stress curves exhibit different trends.
When the prestretch is small, the curve varies significantly with
multiple peaks and dips. When the prestretch is large, the curve
varies with fewer peaks and dips.

The trend of the curve can be interpreted by the variation of
acoustic stress with stretch. As shown in Fig. 4(b), as the in-plane
stretch increases, the initially intensive fluctuation of the acoustic
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Fig. 4. (a) Acoustomechanical response of soft material under equal-biaxial mechanical force; (b) the corresponding equivalent acoustic stress. The initial thickness of the
layer is considered to be L;/A = 10, here A is the acoustic wavelength in the material.

Fig. 5. A layer of soft material subjected to uniaxial force f, and acoustic inputs
P = poe’.

stress becomes less intensive, which causes the variation trend of
the stretch-stress curve in Fig. 4(a). When t; — t3 approaches zero,
a peak appears in the stretch-stress curve, while a dip occurs when
t; —t3 reaches a local maximum. The fluctuation of the stretch-
stress curve implies multiple snap-through instabilities: when the
acoustic stress reaches local maximum, any further ramping up of
the stress will induce a discontinuous jumping of material defor-
mation to a much larger deformation. This phenomenon enables
giant acoustical actuation at relatively small acoustic inputs.

5. Acoustical actuation under uniaxial force

Consider a soft material layer subjected to a uniaxial mechani-
cal force and two counterpropagating acoustic waves, as shown in
Fig. 5. In the reference configuration, the layer has undeformed di-
mensions (Ly, Ly, L3). In the prestretch configuration, the layer de-
forms to dimensions ((AP€)~1/2L;, APTL,, (APr€)~1/2[3) when uni-
axial mechanical force f, is applied. When acoustic inputs p =
poef®t are applied through layer thickness, the layer deforms to
dimensions (A{Lq, A;Ly, A3Ll3) in the actuation configuration. The
principal stretches are (A1, Ay, A3 = (AA2)~ 1) while the mechan-
ical stresses are o1 =0 and o, = A, f/(L1L3). The acoustic stresses
t; = %f&‘ (T (2))dz and t5 = (Ti(l3)) — (T&E(l3)) can be calcu-
lated by employing the acoustic fields in the current (actuated)
configuration. Egs. (12) and (13) thence degrade to:

(A3 —3)
A2+ 23+ A2 —3)/]m

6= =1 (17)

1(A3-23)
(A2 + 23+ 23 = 3)/Jm
Deformation of the thin soft layer at equilibrium states can be ob-
tained by solving the above two equations at given mechanical
force and acoustic inputs.

When the layer is only subjected to uniaxial mechanical force,
the prestretch AD™ = APe(AF™ = 10" = (APr¢)~1/2) is obtained by:

fr e — (W)
phals =1 - [20%) "+ (107)* = 3] /I

L
)\,1)\3 L1L3

+(t—t3) = - (18)

(19)

In the current actuated configuration, the principal stretches Aq
and A, are related to each other by:

Ay o 4, |2 £
1--—= AT+ —
< Jm ML1L3> U e wliLs
kb,

Jm Lils 2

Inserting Eq. (20) into Eq. (17), one obtains the normalized acoustic
stress as:

p3 1

wpocs

(Jn =25 +3) A%}A%

(20)

B i)
(t1 =t3) pocg 1— (A2 + 23+ 22 = 3) /Jm

Under fixed uniaxial mechanical force f,/(uL1L3), the layer under-
goes a succession of equilibrium states when the acoustic stress
increases, as illustrated by the stretch-stress relation curve in
Fig. 6. The prestretch is obtained directly from the interaction be-
tween the stretch-stress curve and the zero acoustic stress line.
For any given mechanical force and acoustic stress, the acoustome-
chanical response exhibits nonlinear behavior as at least one or
multiple equilibrium states exist. Similar to the equal-biaxial force
case, the fluctuation trend can be explained by the variation of
acoustic stress as a function of in-plane stretch. Different uniax-
ial prestretches lead to different acoustically triggered material de-
formations. Therefore, the corresponding acoustic stresses are pre-
sented in Fig. 7 for selected uniaxial prestretches. When the pre-
stretch is small, the fluctuation of the acoustic stress is firstly in-
tensive and then less intensive (Fig. 7(a) and (b)). When the pre-
stretch is large, the fluctuation changes from firstly less intensive
to intensive and eventually to less intensive (Fig. 7(c) and (d)).

(21)
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Fig. 6. Acoustomechanical response of a thin soft material layer under uniaxial me-
chanical force, with its initial layer thickness L3/A = 10, A being acoustic wave-
length in the material.

Such variation of the acoustic stress affects the trend of stretch-
stress curve (Fig. 6), reaching maximum when t; — t3 approaches
zero and minimum when t; — t3 approaches maximum. Such non-
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Fig. 8. A thin layer of soft material constrained in x-direction and subjected to me-
chanical force f, and acoustic inputs p = poe/®t,

linearity in acoustomechanical response of soft material offers a
wide space to design novel acoustic actuators.

6. Acoustical actuation under uniaxial constraint

With reference to Fig. 8, consider a thin soft material layer sub-
jected to uniaxial constraint in the x-direction and uniaxial me-
chanical force f, in the y-direction. Two opposing acoustic waves
impinge upon the layer along its thickness direction. In the ref-

0.3 T T T T T T T

0.2

25 30 35 40 45 50
=207

t

33 b

1.5 2.0 2.5 3:0 3.5 4.0 4:5 5.0
- pre_
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(d)

Fig. 7. Equivalent acoustic stress of a thin soft material layer under uniaxial force at selected values of prestrecth A2, with its initial layer thickness L3/A = 10: (a) AJ™ = 1.1;

(b) AL =2.07; (c) AL =3.03; (d) AL = 4.0.
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Fig. 9. Acoustomechanical response of a thin soft material layer under uniaxial constraint condition at selected prestretches: (a) Af"® = 0.8; (b) A{" = 1.0; (c) Af"® =2.0; (d)
AP =3.0. The layer has an initial thickness of L3/A = 10, A being acoustic wavelength in the material.

erence configuration, the layer has undeformed dimensions (L, Ly,
L3). In the prestretch configuration, the layer is uniaxially stretched
to have a stretch AJ™ and then fixed onto a rigid substrate in the
x-direction. Thereafter, the layer with prestretch A5™ is uniaxially
stretched by mechanical force f, in the y-direction. In the cur-
rent actuated configuration, the layer is deformed to have principal
stretches (A1, A2, A3) when acoustic inputs p = ppef®t are applied
through its thickness. Clearly, the mechanical stresses o1 # 0 and

0y = Ay fo/(LiL3). The acoustic stresses t; = %f(? (Tj1(2))dz and
ty = (T3"g(l3)) — (T8 (I3)) are calculated using the acoustic fields in

the current actuated configuration. Therefore, Eqs. (12) and (13)
become

A2 — A2
o1+ (t—t3) = 2“( : 32) (22)
1— (A2 + A3+ 22=3)/In
A w(A3 —23
2ofa | (t—t3) = (23 -29) (23)
LiL; 1— (A2 + 22+ 22 -3)/In

In the process of acoustically actuated deformation, given the me-
chanical force A,f,/(L1L3) and acoustic inputs, the stretch A, of the
thin layer is determined by (23) and the constraint stress o ; is de-
termined by (22).

Given the prestretch A" and the mechanical force f,/(jLqL3),
the layer endures another prestretch AY™ that can be calculated
by:

f2 )\gre _ ()\fre)_z (}\gre)_3

_ (24)
mLqLs 1_ I:()Lfre)z + (Agre)z T ()\?Te)\gre)*z _ 3]/]111

Substitution of Eq. (24) into (23) leads to the normalized acoustic
stress:

(A -2
1— (M + 22422 =3)/Im

P} 1

P}
l/«,OoC(z) Bl

_1 _r fo
(t2 — t3) poc?

w Lil3
(25)

To investigate the acoustomechanical response of the thin layer
under uniaxial constraint and uniaxial mechanical force condition,
four prestretches (Al =0.8, 1, 2 and 3) are selected as shown in
Fig. 9. As the acoustic stress increases, a succession of equilibrium
states are achieved in the layer, as evidenced by the stretch-stress
relation curves of Fig. 9. The value of A} is read from the in-
teraction between the stretch-stress curve and the zero acoustic
stress line. The fluctuation of the stretch-stress curve demonstrates
the nonlinear acoustomechanical response of the layer, which is
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Fig. 10. Equivalent acoustic stress of a thin soft material layer (Ls/A = 10) under uniaxial constraint condition at selected prestretches: (a) A} =0.8; (b) Af™ =1.0; (c)

AP =20; (d) A" =3.0.

directly related to the variation of acoustic stress with increas-
ing in-plane stretch (Fig. 10). The fluctuation of the acoustic stress
is firstly less intensive and then intensive, resulting in the vari-
ation trend of stretch-stress curve in Fig. 9. The intensive fluc-
tuation whenA2™ is small becomes less intensive when A" be-
comes large. To maintain the deformation, the required acoustic
stress reaches maximum when t; — t3 approaches zero and mini-
mum when t; — t3 approaches its maximum. The significant effect
of prestretch can be used to enhance acoustically actuated material
deformation.

7. Concluding remarks

We develop an acoustomechanical theory for soft materials sub-
jected to simultaneous mechanical forces and acoustic radiation
forces by combining the nonlinear elasticity theory of soft mate-
rials with the acoustic radiation stress theory. For illustration, two
counterpropagating ultrasonic waves impinging onto the surfaces
of a thin soft material layer immersed in fluid is considered. The
resulting acoustic field is capable of giving rise to acoustic radia-
tion stress in and out of the thin layer, particularly at the interface
between the soft material and the surrounding medium. While the
acoustic radiation stress deforms the material, the deformed con-

figuration of the soft material in turn is able to reconstruct the
acoustic field and the distribution of the acoustic radiation stress.
The material reaches a steady deformation state when the mechan-
ical stress and acoustic stress balance with the material deforma-
tion stress.

The developed theory is employed to investigate the sequence
of equilibrium state and the acoustomechanical response of thin
soft material layer under three different force/displacement bound-
ary conditions: equal-biaxial force, uniaxial force and uniaxial con-
straint. The results demonstrate the significant influence of bound-
ary condition on acoustomechanical response. Further, as wave
propagation is sensitive to material configuration, prestretching the
soft material affects remarkably the acoustomechanical behavior.
Specifically, when the thin soft material layer is acoustically trig-
gered from different prestretches, it shows different stretch ver-
sus stress relations, useful for designing novel acoustic sensors and
actuators.
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Appendix. Acoustic fields of two counterpropagating waves

Although a real acoustic wave propagates through a soft mate-
rial at nonlinear level, the calculation of the induced acoustic radi-
ation stress only needs a linear level analysis for the acoustic fields.
Because the acoustic radiation stress scales as the second-order of
the acoustic fields, it can be expressed using the first-order terms,
i.e,, the linear acoustic pressure and the linear velocity. Therefore,
in this appendix, acoustic wave propagation at linear level is ana-
lyzed by rigorously considering boundary conditions.

Acoustic wave propagation in medium is governed by the

Helmholtz equation A¢ — %23327? =0, ¢ being the acoustic veloc-
ity potential and cq = (0 p/aap)s the acoustic speed. Generally, the
acoustic impedance of the soft material mismatches with that of
the outside surrounding medium so that p;c; # p,¢,. The acoustic
field in each medium consists of both positive-going and negative-
going waves. As illustrated in Fig. 1(b), the acoustic boundary con-
ditions need to ensure the continuity of acoustic pressure and ve-
locity at the interfaces:

p1 = P2lm0» P2 = D3l (A1)

Uy, = u22|2=0, Uy, = u3z|z=13, (AZ)
where (p1, py, p3) are the acoustic pressures and (uq,, Up,, Us3,) are
the components of the velocity along the z-direction in the left
medium, soft material and the right medium, respectively.
Obeying the governing equation of wave propagation and the
boundary conditions of (A1) and (A2), the acoustic fields generated

1 1 i ]
=t = —— 1 =——[t5ca(e¥kl — 1) — 15 (e Pk — 1 }
1= 2023 { 2]’<2zl3[ 26 )i !
(A9)
. DT +626, Tl +616] (A10)

20265 2p16;

where the superscript asterisk * means the complex conjugate of
the corresponding variable, and we have

71 = jopleftib
]'()022’(%2 - ,012"%2) sin (kazl3) + 201 02k12k2,
201 p2k12ka; €08 (kazls) + j(p3K3, + p2K2,) sin (kyls)
(A1)

Ty = jwpiprki.l

el (poky, + prkas) + (P1kaz — pakiz)
201 p2k12ka; €08 (kazls) + j(p2K3, + p2k2,) sin (kyls)
(A12)

(A13)

¢ = ja),O1Ie_jk“l3

G2 = jwp1 02kl

e~dkeil (pika, — pakiz) + (P2k1z + prkaz)
201 pak12ka; €OS (kazls) + j(p3KE, + p2k2,) sin (ky.ls)

by two counterpropagating acoustic waves are the superposition of (A14)
these two opposing fields, as:
it — 2wl 1 p2k1,€5 [ pok1z sin (kaz(z — 13)) — pakyz sin (kaz) + jp1ka, cOS (Kop(z — 13)) + jo1ko, cos (koz2)] (A3)
21 p2k12ka; €08 (kazls) + j(p2K3, + p2k2,) sin (kyl3)
uin — 21p1k1zkoz07%! [ p1 Ky Sin (Koz(z — 13)) + prka sin (ky.z) + jpaki, €0S (ko2 (z = 13)) — jpaka, cOS (kaz2)] (Ad)
201 p2k1zka; cos (ko l3) + j(ﬂ%k%z + Pzzkfz) sin (k.l3)
. 212 _ 5212
PR = jwpslef®t| elkah) 4 emika(=h) Jsin (kach) (03K ,o 1 kzzz) . 2,021 SZkl?kzz (A5)
2/)1 p2k1zk22 Cos (I<2213) + J( kzz + 1% klz) sin (k2213)
i 212 _ 5212
U — jkgleiet | _elkezh) 4 gmiks(al) jsin (kazls) (03K3, = P7K3,) + 2101 pokizkoz (A6)

where p and u are the acoustic pressure field and velocity field,
respectively. The superscripts “in/out” represent the corresponding
variables related to the inside and outside media, respectively. The
subscripts 1, 2 and 3 denote the left medium, the soft material and
the right medium, respectively. w is the angular frequency, I is the
amplitude of incident velocity potential, p is the medium density,
and k is the acoustic wavenumber.
Under such conditions, the acoustic radiation stresses are:

(Tm) _ (Tin) _ ngike—ijzzZ + Tz*s—zeﬂkzzz ( in> _ 'L'2T2* + 5‘25‘2*
1 22 2102(:% »\"33 2/026%

(A7)

Ty gie 2kt 4 gy edikez ( wt) T + 167
\133 | = T 5 2
2p1¢2 2p1¢
(A8)

(1) = (13 =

The equivalent stresses are:

201 p2k1zka; €0S (kazls) + j(p2K3, + p2K2,) sin (kal3)
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