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Abstract

A cylindrical piezoelectric transformer with an imperfect interface operating with thickness-shear modes is used within
the three-dimensional equations of piezoelectricity. The shear—slip interface model is used to simulate the effect of vis-
coelastic imperfect interface. The influence of interface parameters on the transforming ratio, input admittance, power
density, efficiency, and the displacement and stress distributions along the radius direction is discussed. Numerical results
show that the weak interface lowers the performance of the transformer overall, which may provide theoretical

guidance for the design of piezoelectric transformers.
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Introduction

Owning to the strong coupling property between the
electrical and mechanical constitutive behaviors, piezo-
electric materials have been made into several kinds of
electronic devices (Benes et al., 1998; Duong and
Garcia, 1996; Karlash, 2004; Stanton et al., 2011;
Vellekoop, 1998), such as interdigital transducers
(Vellekoop, 1998), energy harvesters (Stanton et al.,
2011), transformers (Karlash, 2004), rotary actuators
(Duong and Garcia, 1996), bulk acoustic wave (BAW)
and surface acoustic wave (SAW) sensors (Benes et al.,
1998), and so on. Totally, these piezoelectric devices
have been integrated with structural materials to form
a class of smart structures. Taking a transformer for
instance, it is used to raise or lower a voltage using a
piezoelectric material. Examples are computer back-
lights, florescent ballast, portable electronic chargers,
ignition of gas-discharge lamps, and compact ac/dc and
dc/dc converters (Yang and Wang, 2008). Compared
with some electromagnetic ones, piezoelectric transfor-
mers are more suitable in certain low-power applica-
tions. More references about transformers can be
found in a review article (Yang, 2007).

Usually, the piezoelectric transformers contain at least
two portions, that is, input and output parts. From
another perspective, these piezoelectric two-layered or
multilayered composite structures are common in

electronic devices. Very often a gluing substance, for
example, epoxy, is applied to the interfaces (Wu and Liu,
1999). Besides, the interface in piezoelectric sensors may
be damaged under harsh conditions, which would in turn
affect the electromechanical behaviors of the sensors
(Cao et al., 2009). Meanwhile, due to various causes such
as microdefect, diffusion impurity, and damage, two dis-
similar materials cannot be perfectly bonded. The wea-
kened interfacial continuity affects device performance,
in particular interfacial characteristics (Termonia, 1990).
Therefore, in the designs and applications of piezoelec-
tric sensors, it is necessary to take the possible imperfect
interface into consideration.

Researchers have developed imperfect interface
models with different levels of sophistication (Dybwad,
1985; Jin et al., 2005; Lavrentyev and Rokhlin, 1998;
Leungvichcharoen and Wijeyewickrema, 2003; Li and
Lee, 2010; Melkumyan and Mai, 2008; Murtya, 1975;
Nagy, 1992; Pang and Liu, 2011; Wang et al., 2000).
The simplest description is to treat it as a layer that
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geometrically has a zero thickness but still possesses
elasticity and interface elastic strain energy, for exam-
ple, a shear-lag model (Li and Lee, 2010; Melkumyan
and Mai, 2008; Pang and Liu, 2011), in which the tan-
gential displacement at the interface is allowed to be
different from both sides of the interface in order to
account for the deformation of the interface layer.
Mechanical and electrical properties and behaviors of
weak interfaces described by different models have been
widely studied theoretically (Dybwad, 1985; Li and
Lee, 2010; Melkumyan and Mai, 2008; Pang and Liu,
2011) and experimentally (Jin et al., 2005; Lavrentyev
and Rokhlin, 1998). More references about the imper-
fect interface can be found in a few review articles
(Nagy, 1992; Wang et al., 2000).

To the authors’ best knowledge, few work has been
carried out so far to discuss the effect of imperfect inter-
face on the behavior of a piezoelectric transformer.
However, this is significant for the design of high-quality
electronic devices. In the present contribution, the shear—
slip interface model is used to simulate the effect of vis-
coelastic imperfect interface on a cylindrical piezoelectric
ceramic transformer. First, the governing equations,
boundary and continuous conditions, and exact solution
of thickness-shear modes in the cylindrical piezoelectric
transformer are given in Section “Theoretical analysis of
the cylindrical piezoelectric transformer”. Then, the
influence of viscoelastic imperfect interface on the per-
formance of the transformer is simulated based on the
solution obtained. Finally, some conclusions are drawn.

Theoretical analysis of the cylindrical
piezoelectric transformer

Consider a piezoelectric circular cylinder of polarized
ceramics (see Figure 1) with the z-axis being the poling
direction or the sixfold axis. The cylinder is unbounded
in the z-direction. A polar coordinate system is defined
by x = rcosf and y = rsinf. The inner and outer faces
at r = a, b are traction free. There are three electrodes
at r = a, b, ¢. The electrode at r = ¢ is grounded as a
reference, and this interface is weakly bonded. Usually,
time-harmonic driving voltage V| is applied across the
electrodes at r = a, ¢. Due to the particular material
orientation, the cylinder is driven into axial thickness-
shear vibration, and an output voltage J, can be
picked up across the electrodes at » = ¢, b, which are
joined by a load circuit whose impedance is Z. In the
next section, we mainly investigate the effect of the
imperfectly bonded interface on the thickness-shear
vibration in the transversely isotropic piezoelectric
transformer. Since the material tensors of crystals of 6-
mm symmetry have the same structures as polarized
ceramics, our analysis is also valid for 6-mm piezoelec-
tric crystals. This includes widely used materials such
as ZnO and AIN (Qin et al., 2010; Zhang et al., 2009).

Imperfect interface

Figure |. A cylindrical piezoelectric ceramic transformer with
an imperfect interface.

The displacement components and electrical poten-
tial function of axial thickness-shear modes, which
belongs to antiplane or shear horizontal (SH) motions,
can be described as (Kielczynski et al., 2012)

ue = uy, = 0, u = u(x,y,10), @ = ox,y,1) (1)

Therefore, the governing equations can be obtained as

Vo + 015V = p
c u-+te =p—
44 15V Q=p a2 (2)
e15V2u — 811V2<p =0

where c44, €15, €11, and p stand for the elastic constant,
the piezoelectric, the dielectric permittivity coefficients,
and mass density of the piezoelectric material, respec-
tively. The boundary and interfacial conditions are

r=a:T1,=0, 0=V,
r=b:T.=0, ="V,
o {¢(c+)—¢(0)—0,
r=c:
Trz(c+ ) = Trz(ci) = K[u(ch ) - u(ci)]

(3)

Here, we adopt the shear—slip interface model to cal-
culate the influence of viscoelastic imperfect interface.
When K = 0, the two parts lose their mechanical inter-
action and the case of K = oo is for the perfect interface
with continuous displacement across the joint (Dybwad,
1985; Jin et al., 2005; Lavrentyev and Rokhlin, 1998; Li
and Lee, 2010; Melkumyan and Mai, 2008; Pang and
Liu, 2011). Considering the axisymmetric motions inde-
pendent of 6, which means u, = u(r,t) and ¢ = @(r, 1)
(Chen et al, 2009; Yang et al, 2007),
V2 = (8*/ar*) + 1/r(3d/dr) can be obtained. For harmo-
nic motions, we use the complex notation

[, ¢, T2, D, 11, Vi, 01, b, V2, 0]
=Re{(U,®,T,D,1,,V1,0,,15.V>,0,) exp (iwt) }

(4)

where U, @, T, D, I}, Vi, O1, L, V>, and O, are complex
variables. Therefore, the governing equations can be
written as
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where the wavenumber ¢ = w/+/ca4/p with the effective
piezoelectric stiffness ¢44 = cq4 + (e%5 /e11). The bound-
ary and interfacial conditions in equation (3) can be
expressed with the complex notation

Lo _ - &U (5)

r=a: T7=0 &=V,
r=b:T=0,®=7,

[P =d(e) =0,

e {nc*)—T(c)—K[U(c*)—U(c)1

(6)

where the effective interface elastic stiffness parameter
K (N/m?) is a complex variable, that is, K = K; + iK>.
K, and K, are simultaneously used to describe how well
the two portions are bonded.

Based on the complex notation above, the displace-
ment U, electrical potential function @, interface stress
T, and electric displacement D are obtained as follows

a<r<c

- (GUERE s o
@ %5 [1Jo(Er) + A2 Yo(ér)] + AzInr + A, a<r<c
%[BlJo(fr) + BaYo(én)] + Bslnr + By, e<r<b

(7b)

A
—Cabl A1 (E) + Y€ + e, a<r<c
T= B’} (7¢)
—C44é[B1J1(€r) + ByY1(ér)] + e~ c<r<b
A3
—8117, a<r<c
. (74)
—&1—, c<r<b
r

where A,, A>, A3, A4, By, B>, Bs, and B, are undermined coef-
ficients. Substituting Equation (7) into Equation (6) gives

— cpélAiJ1(éa) + AyY(éa)] + 615% =0,

~ wt(BUI(ED) + BaYi(@)] + syt =0,

585 [4yJo(€a) + ArYo(€a)) + Asna + Ay = T,

%[BlJo(gb) + ByYo(éb)] + BsInb + By = Vs,
5 [41Jo(Ec) + Ay Yo(€e)] + AsIne + Ay = 0,
s [BiJo(€c) + BaYo(éc)] + Bylnc + By = 0,
—115’445 [41J1(éc) + AxYi(€c)]

+ 615% = — cué[BiJi(€c) + BaYi (o)) + 615%,
— caéldiJi(§e) + A2Y1(€c)]

+ s = K[(B1 — AWoEe) + (B2~ A)%o&)]  (8)

For the output clectrode at r = b, the following
charge can be obtained (Xu et al., 2009)

21
0: = — | "D, s )

Owning to the fact , = — (O, the complex current
is

21
jz = in D|r: bbd@ = — 27Tiw81133
0

(10)

Hence, the relationship between the output voltage
and current can be written as

l_/z = sz = — 27Tiw811233

(11)

Equations (8) and (11) contain nine equations with
nine coefficients A, A, A3, As, By, B>, Bs, B4, and V5.
If the interface is perfect, that is, K = oo, Equations (8)
and (11) possess exactly the same expressions obtained
in the work by Yang et al. (2007), which validates to
some extent the accuracy of the theoretical derivation.
Furthermore, these equations mentioned above can be
simplified as

{21n(ga) — Jo(ee)) + a (%) (ga) b,
+{RH(ga) — Yo(go) + agn (%) viga) 142 = 27,

Ca4
(12a)

{kg Vo(€b) — Jo(éc)] + bén (g)Jl (&b) ( It Z£) }Bl

+ {kg[yo(gb) — Yy(éc)] + béIn (g) Yl(gb)(l i ZEO) }32 =0
(12b)

2ga) - no) i + [E i - vigo)| s

C C

+ [7 ng (D) + Jy (gc)} By + [ngl (b)) + 1 (§c)} B, =0

(12¢)
{#ige) + IS = n(g0)| J4,
+{nieo) +I2nEa - viga)| fa, (12
—Jo(éc)B1 — Yo(éc)B, = 0
Ay = 2 g4, () + AV (Ea)),
215 (13)
By = ﬁbf{Bm (£b) + ByY:(éD)]
where
2 _ 6%5 _ L _ 27T811 _ %
ke £11Ca4 ’ ZO ia)C() » 0 ll’l(b/c) ’ K
(14)
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Figure 2. The first few resonances of (a) the transforming ratio |V2/V,|, (b) the admittance |1, /V,

, (c) the power density p,, and

(d) the efficiency n versus the driving frequency (I') = 0.5, ' = 1%I")).

Equation (12) contains four equations with four
undetermined coefficients 4, 4>, By, and B>. Once they
are solved, the output voltage ratio |V,/V;| can be
obtained by using Equations (11) and (13). Similarly
with output voltage and current, /; = Q; can be easily
obtained at r = a, and the input current satisfied

21
71 = in D\r:aade = — 2’7Ti(1)811A3
0

With the complex notation for harmonic motions,
the input electrical power is given by (Xu et al., 2009)

| * = %=
Py = Z(Il Vi + 1 Vl) (15)

where an asterisk represents complex conjugate. The
output electrical power is

1 T iy ok S
Py = 4_1([2 Vi + L) (16)
The efficiency of the transformer is defined as
Py
= = 17
K> (17)

Another quantity of practical interest is the power
per unit volume (power density), which in our case may
be calculated from

_ P
D2 B

(18)

The effect of imperfect interface on the
transformer

As a numerical example, consider a ceramic cylinder of
PZT-5H with ¢4y = 2.3 X 10'° N/m?, e;5s = 17 C/m?,
er = 1.506 X 1078 F/m, and p = 7500 kg/m> (Son
and Kang, 2011). The additional load is fixed as Z =
(1 + i)Zy. The fundamental thickness-shear frequency
of shell wy = [7/2(b — a)]\/cas/p is introduced during
the following simulation for convenience. Since the
interface glue is usually viscoelastic, we use a complex
interface stiffness whose imaginary part describes inter-
face damping. Consider K = K; + iK,, where both K,
and K are real. Hence

cué  _ cué

=0 =i, = 48 _ G
T2 T R IK, K|

(K1 —iKy)  (19)
where both I'y and I', are real. I'; is corresponding to
the flexibility of the interface, while I'5 is the viscoelas-
tic parameter. Hence, I'y = I', = 0 is corresponding to
the perfect interface.

Figure 2(a) to (d), respectively, shows the transform-
ing ratio |V,/V|, input admittance |I,/V |, power den-
sity p, of the generated wave, and efficiency n versus
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Figure 3. The first resonance of (a) the transforming ratio }\72/\7|

, (b) the admittance |7| /v

, (c) the power density p;, and (d) the

efficiency 7 versus the driving frequency for some selected I" (I’ = 0.01).

the driving frequency when the interface parameters
satisfy I'y = 0.5 and I's, = 1%I". The transforming
ratio assumes its maxima at resonant frequencies as
expected, which means the transformer is a resonant
device operating at a particular frequency (Chen et al.,
2009; Xu et al., 2009; Yang et al., 2007). Meanwhile, at
resonances the admittance and output energy flux also
assume maxima. Besides, the first resonance has the
highest transforming ratio because, at higher reso-
nance, the corresponding modes have nodal points,
and some voltage cancellation usually occurs along the
radius direction in the output portion of the transfor-
mer (Yang et al.,, 2007). The peak values of higher
modes can be larger than the fundamental mode for
the admittance and output energy flux, which can be
seen from Figure 2(b) and (c). Therefore, it is found
that the change of efficiency for the driving frequency
is irregular.

Because the transform ratio achieves its maximum
at the first resonance, we will focus on the effect of
imperfect interface on the first mode of thickness-shear
waves in the following discussion. The effects of the
interface parameters I'; and I', on the transforming
ratio |V,/V|, input admittance |I,/V|, power density
P2, and efficiency m near the first resonance locally are
shown in Figures 3 and 4, respectively. The resonant
frequency is sensitive to the interface parameter I'; but
insensitive to I'5. The weak interface lowers the

frequency, which can be seen from Figure 3.
Meanwhile, the amplitude of |V,/V4|, |I,/V1], and p,
of the first mode is smaller compared with the perfect
interface. However, the efficiency 7 is sensitive to the
interface parameter ', but insensitive to I';. Especially,
when I' keeps constant, the efficiency does not change
with the increasing driving frequency.

We suppose that the driving frequency follows the
first resonant frequency when the interface changes in
order to access the maximum amplitude of transform-
ing ratio. Figures 5 and 6 show the varying patterns of
[Va/Vil, 11/ V1], pa, and m at the first resonance fre-
quencies with the increasing of I'y and I', for some spe-
cial cases, respectively. These values all decrease when
the interface becomes weak, which means the imperfect
bonding interface has greater effect on the piezoelectric
transformer. This kind of effect is harmful for us, and
we must avoid the appearance of imperfect interface to
our best.

The transforming ratio, input admittance, and effi-
ciency all approach to zero with the increasing of I';.
However, the limit value of input admittance is not
zero. When I';— oo, the input and output piezoelectric
parts have no mechanical connection and become two
individual different portions. Therefore, no output vol-
tage can be obtained in the outer piezoelectric circular
cylinder, which is the reason that |V,/Vi|, p2, and 7
approach to zero. However, the input voltage does not
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equal to zero, which leads to the finite limit value of
|I1/V4| at the circumstance of I';— . Besides, when
I'y > 5, each of the transforming ratio |V»/V|, input
admittance |I,/V|, and power density p, has a fluctua-
tion, which can be seen from Figure 5. Especially, the
efficiency equals to unit when I, = 0, which is in accor-
dance with Figure 3(d) and means no energy wastage
during the transformation. Meanwhile, this outcome
validates, to some extent, the correctness of the simula-
tion results.

ribution along the radius direction.

Similarly with the effect of I'y, I, also lowers the
maximum of the transforming ratio, input admittance,
power density, and efficiency, which can be seen from
Figure 6. Here, considering the fact that viscoelastic
parameter I, is based on the value of I'y, I'; shifts in
the range of 0%—10%.

Supposing that V; = 1 V, the distributions of the
resonance displacement u and stress 7,. for the first
mode along the radius direction are shown in Figure 7.
I'y and I'> have the great effect on the displacement and



Li and Jin

1895

stress distributions. At the interface between the input
and output parts, the displacement is discontinuous, as
described by the shear—slip model. The stress keeps zero
at the inner and outer edges whether the interface r = ¢
is perfect or not. Both I'y and I', lower the maximum
of stress distribution in the transformer. However, I';
has no effect on the interface stress at r = ¢. In con-
trast, I', evidently increases the stress value at r = ¢,
which needs to be considered during the application.

Overall, we have adopted the shear—slip model to
describe the effect of imperfect interface on the perfor-
mance of piezoelectric transformer. Besides, there are
two kinds of linear viscoelasticity theories, that is, the
Kelvin and Maxwell theories.

The displacement and stress conditions expressed at
the imperfect interface r = ¢ in the present contribution
are

Trz(c+ )=T=(c) = k[u(c+ ) — u(ci)]

+y e ) — e )]

by the Kelvin theory (Fan and Wang, 2003) and

19 1\, .. (18  1\. _
<%& + ;) Tec™) = (%5 + ;)Trz(c ) a1

a
= 5 lue™) = u(e")]
by the Maxwell theory (Fan and Wang, 2003). Based
on the complex notation adopted in the present contri-
bution, equations (20) and (21) can be obtained as
follows

(20)

T(c") =T(c) = (k + iyo)[U(c") = Ulc)]

B k,waZ
T(c")=T() = (k2 R

[Ue™) = U(e)

(22)

. Pyw
+ i
k2 + .waZ (23)

Hence, these two expressions above can be concluded
by using the shear—slip model, that is

T(c")=T() = (K +iK)[U(c") = U(c)] (24)

Here, the rate vy is coupled to the interface para-
meters, which cannot be seen directly from equation
(24). Hence, the shear—slip model keeps in touch with
the Kelvin and Maxwell theories in essence to a certain
extent. Further research concerning the effect of viscoe-
lastic interface bonding on the piezoelectric transformer
by the Kelvin and Maxwell theories needs to be carried
out in the future.

Conclusion

The shear-slip interface model is used to simulate the
effect of viscoelastic imperfect interface on a thickness-

shear mode circular cylinder piezoelectric transformer.
Overall, the weak interface evidently affects the trans-
former performance including the resonant frequency,
transforming ratio, admittance, power density, effi-
ciency, and displacement and stress distributions. Both
I'y and I', lower the transforming ratio, admittance,
and power density compared with the perfect interface.
Especially, the efficiency equals to unit when I', = 0.
Meanwhile, they have great effect on the displacement
and stress distributions. The displacement is noncontin-
uous at the interface, while the viscoelastic parameter
I'; increases the amplitude of interface stress. In short,
the imperfect interface lowers the performance of the
transformer, which needs to be considered in the fur-
ther application. The theoretical and numerical results
may provide guidance for the design of circular cylin-
der piezoelectric transformer when an imperfect inter-
face appears.
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