
H. J. Xu

Z. G. Qu1

e-mail: zgqu@mail.xjtu.edu.cn

MOE Key Laboratory of Thermo-Fluid

Science and Engineering,

Xi’an Jiaotong University,

710049, China

T. J. Lu
MOE Key Laboratory of Strength and Vibration,

Xi’an Jiaotong University,

710049, China

Y. L. He

W. Q. Tao

MOE Key Laboratory of Thermo-Fluid

Science and Engineering,

Xi’an Jiaotong University,

710049, China

Thermal Modeling of Forced
Convection in a Parallel-Plate
Channel Partially Filled With
Metallic Foams
Fully developed forced convective heat transfer in a parallel-plate channel partially filled
with highly porous, open-celled metallic foam is analytically investigated. The Navier–
Stokes equation for the hollow region is connected with the Brinkman–Darcy equation in
the foam region by the flow coupling conditions at the porous–fluid interface. The energy
equation for the hollow region and the two energy equations of solid and fluid for the
foam region are linked by the heat transfer coupling conditions. The normalized closed-
form analytical solutions for velocity and temperature are also obtained to predict the
flow and temperature fields. The explicit expression for Nusselt number is also obtained
through integration. A parametric study is conducted to investigate the influence of differ-
ent factors on the flow resistance and heat transfer performance. The analytical solution
can provide useful information for related heat transfer enhancement with metallic foams
and establish a benchmark for similar work. [DOI: 10.1115/1.4004209]
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1 Introduction

There are many basic theories explaining heat transfer enhance-
ment for internal flow, such as decreasing thickness of boundary
layer, increasing velocity from laminar flow to turbulent flow, and
increasing the extended surface area of the channel wall [1].
Among these, increasing the extended surface area of the channel
wall is a commonly used method. Several ways of extending the
surface have been put forward, such as finned [2], ribbed [3], slot-
ted [4], chemically etched [5], porous-media adhered surfaces [6],
etc.

As a special porous media, high porosity cellular metallic foam
(e> 85%) has great potential in heat transfer enhancement. Its
advantages are low density, high specific surface area, good flow-
mixing ability, high thermal conductivity, and high strength. High
porosity metallic foams, characterized by open cells as the
extended surface to enhance heat transfer, can be applied in com-
pact heat exchangers, heat sinks, catalyst supports, biomedical
implants, and heat shield devices for space vehicles [7].

Forced convective heat transfer in ducts fully filled with metal-
lic foams or other porous media has been extensively investigated.
Lu et al. [7] have used the fin analogy method to estimate the
forced convective heat transfer performance of metallic foam heat
exchangers and heat sinks. According to their results, metallic
foams have great potential in heat transfer enhancement. Calmidi
and Mahajan [8] have conducted experimental and numerical
studies on forced convection in a rectangular duct fully filled with
metallic foams to analyze the effects of thermal dispersion and
local nonthermal equilibrium with quantified thermal dispersion
conductivity, kd , and interstitial heat transfer coefficient, hsf . Zhao
et al. [9] have performed numerical and experimental investiga-
tion on forced convection in rectangular duct filled with metallic
foams. The results of both studies mentioned above agree with

each other very well. Lu and Zhao et al. [10,11] have analytically
investigated flow and heat transfer in a single-pipe and in an annu-
lus filled with metallic foams. They found that the foam morphol-
ogy parameters (porosity and pore density) play important roles in
heat transfer performance. Analytical studies with Darcy model
were conducted by Mahjoob and Vafai [12] for the heat transfer
in biological porous media and by Yang and Vafai [13] for a po-
rous medium filled parallel-plate channel with heat generation.

Although metallic foams can substantially enhance heat trans-
fer, they can also cause great pressure drop. To this end, configu-
ration of ducts partially filled with metallic foams is proposed in
this work. However, previous numerical and analytical works
only focused on one-equation model with local thermal equilib-
rium (LTE) assumption for porous media partially filled channel.
Numerical work using one-equation model was conducted by
Chandesris [14] for the Poiseuille flow in a channel with a po-
rous–fluid interface and by Vafai and Kim [15] for internal flow in
a solar collector containing a porous–fluid interface. For analytical
study, Vafai and Thiyagaraja [16] have obtained the approximate
perturbation solutions of flow and heat transfer for the porous–
fluid interface problem with one-equation model. Then, Poulika-
kos and Kazmierczak [17] and Chikh et al. [18] proposed analyti-
cal solution for forced convection in ducts partially filled with
porous media and in a gap between two concentric cylinders with
Brinkman–Darcy and one-equation models.

However, local thermal nonequilibrium (LTNE) is more accu-
rate than LTE model, as indicated in Lee and Vafai [19], and two
energy equations are required for present heat transfer process due
to significant difference between thermal conductivities of solid
and fluid. The two key challenges of analytical solutions are
implementation of the two-equation model and coupling condi-
tions at the porous–fluid interface. Based on this condition, vari-
able number for temperature is extended to three including solid
temperature, fluid temperatures in the foam region, and fluid tem-
perature in the hollow region, respectively. The number of po-
rous–fluid interface coupling conditions is also extended to three
correspondingly. There are two main types of interface conditions
for flow and heat transfer, namely, slip [14,15,20–22] and no-slip
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[16–18,20–23] conditions. Alazmi [20] reviewed different kinds
of interfacial conditions related to velocity and temperature with
the one-equation model. Even though there are only a few theoret-
ical [24] or numerical [25,26] papers for heat transfer in a porous–
fluid system with two-equation model, no analytical solution with
two-equation model is available in open literature.

In this study, a mathematical model for fully developed forced
convective heat transfer in a parallel-plate channel partially filled
with metallic foams is established. By employing the Brinkman–
Darcy and two-equation models, analytical investigation has been
conducted with no-slip interface conditions. Transport behavior at
the porous–fluid interface has been discussed, based on which, the
Brinkman–Darcy and Navier–Stokes equations, as well as the two
energy equations in foam region and the energy equation in hol-
low region, are linked together. Analytical solutions with explicit
expressions for velocity, temperature profiles, and Nusselt number
have been derived. A parametric study on effects of different pa-
rameters on flow and heat transfer has been conducted.

2 Mathematical Equations

2.1 Problem Description. Schematic diagram of the paral-
lel-plate partially filled with metallic foams is shown in Fig. 1.
Two isotropic and homogeneous metallic foam layers are sym-
metrically sintered on the upper and bottom plates subjected to
uniform heat flux. Fluid is assumed to own constant thermal–
physical properties. Thermal dispersion effect is neglected for me-
tallic foams with high solid thermal conductivity according to
Calmidi and Mahajan [8].

2.2 Simplified Equations. Given that flow and temperature
fields of forced convection are fully developed, the following con-
ditions hold

@

@x

T � Tw

Tf ;b � Tw

� �
¼ 0 (1)

� ¼ 0;
@u

@x
¼ 0;

@p

@y
¼ 0;

@p

@x
¼ const (2a)

dTw

dx
¼ dTf ;b

dx
¼ @Tf

@x
¼ @Ts

@x
¼ const (2b)

Axial heat conduction is accurately zero through deduction for
fully developed forced convection. As the temperature field is
fully developed, the local heat transfer coefficient hx along the
axial direction is unchanged. Thus, governing equations for the
fluid and the foam regions are simplified as presented below.

Momentum and energy equations for the hollow region
(0 � y � yi) are

lf

@2u

@y2
� dp

dx
¼ 0 (3)

kf
@2Tf

@y2
¼ qf cf u

@Tf

@x
(4)

Momentum and two energy equations for the foam region
(yi � y � H) are

lf

e
@2uf

@y2
� lf

K
uf �

dp

dx
¼ 0 (5)

kse

@2Ts

@y2
� hsfasf Ts � Tfð Þ ¼ 0 (6)

kfe

@2Tf

@y2
þ hsfasf Ts � Tfð Þ ¼ qfcfu

@Tf

@x
(7)

Using energy balance for the uniform heat flux condition, Eq. (8)
holds

qf um � 2H � cf � dTf ;b ¼ 2qw � dx (8)

Combined with Eq. (8), Eqs. (4) and (7) are rewritten as Eqs. (9)
and (10) for the convenience of normalization

kf
@2Tf

@y2
¼ qw

H

u

um
(9)

kfe

@2Tf

@y2
þ hsfasf Ts � Tfð Þ ¼ qw

H

u

um

(10)

2.3 Closure Conditions. Closure conditions consist of
boundary conditions and coupling conditions at the foam–fluid
interface. Boundary conditions can be obtained as follows

y ¼ 0 :
du

dy
¼ @Tf

@y
¼ 0 (11)

y ¼ H : u ¼ 0;Ts ¼ Tf ¼ Tw (12)

Given that the two sets of governing equations are coupled at the
porous–fluid interface, the interfacial coupling conditions need to
be determined to close Eqs. (3)–(7). The continuities of velocity,
shear stress, fluid temperature, and heat flux at the porous–fluid
interface should be guaranteed for meaningful physics. The corre-
sponding expressions are shown in Eqs. (13)–(16), respectively.

ujy�i ¼ ujyþi (13)

lf

du

dy

����
y�
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e
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����
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i
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(15)
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@Tf

@y
þ kse
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� �����
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i

(16)

There are three variables for two energy equations: the fluid and
solid temperatures of the foam region and the temperature of the
open region. Therefore, another coupling condition is needed for
obtaining the temperature of solid and fluid in the foam region.
Ochoa-Tapia and Whitaker [21] have put forward an interface
condition for nonequilibrium heat transfer at the porous–fluid
interface, as shown in

kserTsjyþi ¼ hsf Tsjyþi �Tf

��
y�i

� �
(17)Fig. 1 Schematic diagram of a parallel-plate channel partially

filled with metallic foam
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For the reason that the axial heat conduction can be neglected for
present study, Eq. (18) is simplified as

kse
@Ts

@y

����
yþi

¼ hsf Tsjyþi �Tf

��
y�i

� �
(18)

Due to the fact that the solid ligaments are discontinuous at the
foam–fluid interface, heat conduction through the solid phase is
totally transferred to the fluid in the manner of convective heat
transfer across the foam–fluid interface. Thus, the physical mean-
ing of Eq. (18) stands for the convective heat transfer at the foam–
fluid interface from solid ligament to the fluid nearby. In the
above, K, kse, kfe, asf , and hsf are distinctive parameters for metal-
lic foams and can be determined from Table 1.

3 Analytical Solution

3.1 Normalization. Dimensionless variables in governing
equations and closure conditions are defined as follows

Y ¼ y

H
; Yi ¼

yi

H
;U ¼ u

um
;P ¼ K

lf um

dp

dx
; hf ðsÞ ¼

Tf ðsÞ � Tw

qwH=kse
(19a)

Da ¼ K

H2
; A ¼ hsf H

kse
; B ¼ kf

kse
; C ¼ kfe

kse
; D ¼ hsf asf H

2

kse

s ¼
ffiffiffiffiffiffi
e

Da

r
; t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D Cþ 1ð Þ

C

r
(19b)

The dimensionless governing equations for the hollow region
(0 � Y � Yi) are as follows

@2U

@Y2
� P

Da
¼ 0 (20)

@2hf

@Y2
¼ 1

B
U (21)

The dimensionless governing equations for the foam region
(Yi � Y � 1) are as follows

@2U

@Y2
� s2 U þ Pð Þ ¼ 0 (22)

@2hs

@Y2
� D hs � hf

� 	
¼ 0 (23)

C
@2hf

@Y2
þ D hs � hf

� 	
¼ U (24)

Corresponding dimensionless closure conditions are as follows

Y ¼ 0 :
@U

@Y
¼ @hf

@Y
¼ 0 (25)

Y ¼ 1 : U ¼ 0; hs ¼ hf ¼ 0 (26)

When Y ¼ Yi, the dimensionless coupling conditions are

UjY�i ¼ UjYþi (27a)

dU

dY

����
Y�

i

¼ 1

e
dU

dY

����
Yþ

i

(27b)

hf

��
Y�i
¼ hf

��
Yþi

(27c)

B
@hf

@Y

����
Y�i

¼ C
@hf

@Y
þ @hs

@Y

� �����
Yþi

(27d)

@hs

@Y

����
Yþi

¼ A hsjYþi �hf

��
Y�i

� �
(27e)

3.2 Explicit Expressions

3.2.1 Velocity Distribution. The velocity field is typically
obtained ahead of the temperature field for the uncoupled relation-
ship between the momentum and energy equations. From
Eqs. (20), (22), (25), (26), (27a), and (27b), velocity distribution
in the hollow and foam regions are obtained. Velocity in the hol-
low region (0 � Y � Yi) is expressed as

U ¼ P
1

2Da
Y2 þ C0

� �
(28)

Velocity in the foam region (Yi � Y � 1) is expressed as

U ¼ P C1esY þ C2e�sY � 1
� 	

(29)

Table 1 Semi-empirical correlations of parameters for metallic foams

Parameter Correlation Reference

Pore diameter dp dp ¼ 0:0254=x [29]
Fiber diameter df df ¼ dp � 1:18

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� eð Þ= 3pð Þ

p
1� exp e� 1ð Þ=0:04ð Þ½ ��1 [29]

Specific surface area asf
asf ¼

3pdf 1� e� 1�eð Þ=0:04ð Þ
 �
0:59dp

� 	2

[10]

Permeability K K ¼ 0:00073 1� eð Þ�0:224 df =dp

� 	�1:11
d2

p
[29]

Local heat transfer coefficient hsf

hsf ¼
0:76Re0:4

d Pr0:37 kf =d; 1 � Red � 40ð Þ
0:52Re0:5

d Pr0:37 kf =d; 40 � Red � 103ð Þ
0:26Re0:6

d Pr0:37 kf =d; 103 � Red � 2� 105
� 	

8<
: Red ¼ qf ud=lf

[10]

Effective thermal conductivity ke RA ¼ 4k
2e2 þ pk 1� eð Þð Þks þ 4� 2e2 � pk 1� eð Þð Þkf

RB ¼ e� 2kð Þ2
e� 2kð Þe2ks þ 2e� 4k� e� 2kð Þe2ð Þkf

RC ¼
ffiffiffi
2
p
� 2e

� 	2

2pk2 1� 2
ffiffiffi
2
p

e
� 	

ks þ 2
ffiffiffi
2
p
� 2e� pk2 1� 2

ffiffiffi
2
p

e
� 	� 	

kf

RD ¼ 2e
e2ks þ 4� e2ð Þkf

k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
p

2� 5=8ð Þe3
ffiffiffi
2
p
� 2e

� 	q
p 3� 4

ffiffiffi
2
p

e� e
� 	 , e ¼ 0:339

ke ¼ 1ffiffiffi
2
p

RA þ RB þ RC þ RDð Þ
kse ¼ kejkf ¼ 0, kfe ¼ kejks ¼ 0

[30]
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With the closure conditions, the above constants C0, C1, and C2

are determined as

C0 ¼ C1esYi þ C2e�sYi � Y2
i = 2Dað Þ � 1 (30a)

C1 ¼
e�sYi þ sYie

sYi

es 1�Yið Þ þ e�s 1�Yið Þ (30b)

C2 ¼
esYi � sYie

s

es 1�Yið Þ þ e�s 1�Yið Þ (30c)

With continuity equation shown in Eq. (31a), the dimensionless
pressure drop in the above solution is determined in Eq. (31b)

1

A

ð
A

UdA ¼ 1: (31a)

P ¼ 1

1
s C1es � C2e�sð Þ þ Y3

i

6Da
þ C0Yi � 1

(31b)

Compared with the clear fluid region, the porous region with low
permeability causes mass flow heterogeneity in the entire cross-
section. The flow-characteristic difference between the two
domains significantly influences the heat transfer performance. To
reveal relationship between flow heterogeneity and heat transfer, a
mass flow fraction in foam region, defined as ratio of mass flow
rate in foam region to total mass flow rate, is shown as

n ¼ qm;foam

qm;total

¼
Ð

Ap
UdAÐ

A UdA
¼
ð1

Yi

UdY ¼ P
C1es � C2e�s

s
� 1

� �

(32)

3.2.2 Temperature Distribution. After combining the energy
equations, Eqs. (21), (23), and (24), with the unique-solution con-
ditions, Eqs. (25), (26), (27c), (27d), and (27e), dimensionless
fluid temperature for the two regions and solid temperature for
foam region can be interactively derived. In the hollow region
(0 � Y � Yi), dimensionless fluid temperature is

hf ¼ P � 1
B

1

24Da
Y4 þ C0

2
Y2 þ C3

� �
(33)

In the foam region (Yi � Y � 1), the dimensionless temperatures
of fluid and solid are expressed as

hs þ Chf ¼ P
1

s
C1esY þ C2e�sY
� 	

� 1

2
Y2 þ C4Y þ C5

� 
(34)

hf ¼ P
C6etY þ C7e�tY þ 1�D=s2

C�s2�D Cþ1ð Þ C1esY þ C2e�sYð Þ

� 1
2 Cþ1ð ÞY

2 þ C4

Cþ1
Y þ C5

Cþ1
þ 1

D Cþ1ð Þ2

8<
:

9=
; (35)

hs ¼ P
� 1

C C6etY þ C7e�tYð Þ � D=s2

C�s2�D Cþ1ð Þ C1esY þ C2e�sYð Þ

� 1
2 Cþ1ð ÞY

2 þ C4

Cþ1
Y þ C5

Cþ1
� C

D Cþ1ð Þ2

8<
:

9=
;

(36)

The constants in the above equation are defined as

C3 ¼ B
C6etYi þ C7e�tYi þ 1�D=s2

C�s2�D Cþ1ð Þ C1esYi þ C2e�sYið Þ

� 1
2 Cþ1ð ÞY

2
i þ C4

Cþ1
Yi þ C5

Cþ1
þ 1

D Cþ1ð Þ2

2
4

3
5

� 1

24Da
Y4

i �
C0

2
Y2

i

(37a)

C4 ¼
1

6Da
Y3

i þ C0Yi (37b)

C5 ¼
1

2
� 1

s2
� C4 (37c)

C6 ¼
A Cþ 1ð Þ þ Ct½ �e�tYi C8 � e�tC9

A Cþ 1ð Þ þ Ct½ �et 1�Yið Þ � A Cþ 1ð Þ � Ct½ �e�t 1�Yið Þ (37d)

C7 ¼
etC9 � A Cþ 1ð Þ � Ct½ �etYi C8

A Cþ 1ð Þ þ Ct½ �et 1�Yið Þ � A Cþ 1ð Þ � Ct½ �e�t 1�Yið Þ (37e)

C8 ¼ �
C � s2

D Cþ 1ð Þ2 C � s2 � D Cþ 1ð Þ½ �
(37f )

C9 ¼ A � C1esYi þ C2e�sYi

C � s2 � D Cþ 1ð Þ �
1

D Cþ 1ð Þ

� 

� C � s2 � Yi

Cþ 1ð Þ C � s2 � D Cþ 1ð Þ½ � �
C4

Cþ 1
(37g)

The bulk dimensionless temperature for fluid is constant and can
be obtained through its definition

hf ;b ¼
1
A

Ð
A Uhf dA

1
A

Ð
A UdA

¼
ðYi

0

Uhf dYþ
ð1

Yi

Uhf dY

¼P2

B

1

336Da2
Y7

i þ
7C0

120Da
Y5

i þ
C3

Da
þ C2

0

� �
Y2

i

6
þ C0C3Yi

� 

þ P2 C1C6

sþ t

�
e sþtð Þ � e sþtð ÞYi

� �
þ C1C7

s� t
e s�tð Þ � e s�tð ÞYi

� �
:

� C2C6

s� tð Þ e� s�tð Þ � e� s�tð ÞYi

� �
� C2C7

sþ tð Þ e� sþtð Þ � e� sþtð ÞYi

� �

þ N1C2
1

2s
e2s � e2sYi
� 	

� N1C2
2

2s
e�2s � e�2sYi
� 	

þ C1

s
es N2 þ N3 �

2N2

s
� N1 þ

2N2

s2
� N3

s
þ N4

� ��

� esYi N2Y2
i þ N3 �

2N2

s

� �
Yi � N1 þ

2N2

s2
� N3

s
þ N4

� �

� C2

s
e�s N2 þ N3 þ

2N2

s
� N1 þ

2N2

s2
þ N3

s
þ N4

� ��

�e�sYi N2Y2
i þ N3 þ

2N2

s

� �
Yi � N1 þ

2N2

s2
þ N3

s
þ N4

� �

�C6

t
et � etYi
� 	

þ C7

t
e�t � e�tYi
� 	

� N3

3
1� Y3

i

� 	

�N3

2
1� Y2

i

� 	
þ 2N1C1C2 � N4ð Þ 1� Yið Þ

�
(38)

In Eq. (38), the constants, N1, N2, N3, and N4 are expressed as

N1 ¼
1� D=s2

C � s2 � D Cþ 1ð Þ ; N2 ¼ �
1

2 Cþ 1ð Þ ;

N3 ¼
C4

Cþ 1
; N4 ¼

1

D Cþ 1ð Þ2
(39)

3.2.3 Dimensionless Numbers. The friction factor number
and Nusselt number for parallel-plate channel are defined as

f ¼ dp=dx � 4H

qf u
2
m=2

¼ 32P

Re � Da
(40)

Nu ¼ h
4H

kf
¼ qw

Tw � Tf ;b

4H

kf
¼ � 4

B � hf ;b
(41)

From the above solutions, the temperature profiles and the Nusselt
number are influenced by P, s, t, C, D, and Yi and eventually is the
function of the thermal–physical properties of fluid and solid (kf

and ks), foam morphology parameters (e and x), Reynolds number
(Re), channel size (H), and hollow ratio (Yi). To analyze
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integrated performance involving flow and heat transfer, the eval-
uation criteria is defined as

j=f 1=3 ¼ Nu

Re Pr � fð Þ1=3
(42)

4 Parametric Study

4.1 Validation for Analytical Solution. The analytical solu-
tion can predict flow and heat transfer for various hollow ratios
ranging from 0 to 1. The value Yi ¼ 0 corresponds to a channel
fully filled with metallic foams and Yi ¼ 1 corresponds to an
empty channel. By setting Yi ! 1 (Fig. 2), temperature profile
with present solution agrees well with similar smooth channel of
previous work [27]. The good agreement shows the feasibility of
the analytical solution.

4.2 Velocity Profile. The velocity profiles predicted by the
analytical solutions shown in Eqs. (28), (29) at three combinations
of porosity and pore density are presented in Fig. 3(a). It is found
that the velocity in the hollow space is much higher than that in
the foam region with obstructing foam ligaments. Increasing po-
rosity or decreasing pore density can both increase velocity in
foam region and decrease velocity in open region simultaneously
since flow resistance in foam region can be reduced by increasing
porosity and decreasing pore density of metallic foams.

Figure 3(b) illustrates the comparison of velocity profiles for four
hollow ratios: 0 (foam fully filled channel); 0.2, 0.5, 0.8, and 1.0
(smooth channel). The velocity profile is parabolic distribution for
the smooth channel and the profile for fully filled channel is similar
except that the distribution is more uniform since no sudden change
of permeability is in the cross-section. Comparatively for the foam
partially filled channel, sudden change of permeability occurs at the
porous–fluid interface, the average velocity in the central fluid
region for foam partially filled channel (Yi¼ 0.2, 0.5, 0.8) is higher
than that of the foam fully filled channel and that of the empty
channel and the maximum velocity in the central region decreases
with increase of hollow ratio due to the big difference of permeabil-
ity between porous and clear fluid regions. For comparison, velocity
in the foam region of foam partially filled channel is much lower
than that of foam fully filled channel and that of smooth channel.

4.3 Flow Heterogeneity. The existence of porous foam
makes the permeability of the foam region much less than that of
the open region, which implies that the velocity in the foam region
is relative small even for a big frontal velocity. This fact just satis-
fies the present employment of Brinkman–Darcy model. The
defined mass flow fraction in the foam region n is an important

aspect to influence heat transfer. The effects of morphology and
size parameters of metallic foams on n are examined and pre-
sented in this section.

With the Brinkman–Darcy model, mass flow fraction in the
foam region is independent of the Reynolds number. Figure 4(a)
presents the effect of hollow ratio on mass flow fraction in the
foam region for different porosities with pore density 10 PPI. Ini-
tially, n sharply decreases from 1.0 to 0.1 when hollow ratio varies
from 0 to about 0.2. Then, when Yi changes from 0.2 to 1, n gradu-
ally approaches 0. This indicates that the turning point hollow ra-
tio is about 0.2. When hollow ratio is greater than this value, the
mass flow rate in the foam region is less than 10% of the total
mass flow rate and the variation amplitude of n can be neglected.
The increase in porosity leads to the thinner diameter of foam lig-
ament at a fixed pore density, which will make the volume of
obstructing solid (1� e) and flow resistance reduced. This can
lead to that n slightly increases with an increase in porosity.
Namely, mass flow fraction in the foam region is not sensitive to
the porosity for the highly porous metallic foams.

Figure 4(b) presents the effect of pore density on mass flow
fraction in the foam region for different hollow ratios with fixed
porosity 0.95. Mass flow fraction in the foam region decreases as
pore density increases because the flow resistance increases with
an increase in pore density. Similarly, a turning point can be found
on the n� x curve. Beyond this point, the mass flow rate in the
foam region can be almost neglected and that in the hollow region
accounts for the majority of the total mass flow rate. With an
increase in the hollow ratio, the pore density of the turning point
decreases because flow resistance and flow area in foam region
both decreased.

Fig. 2 Validation of the present analytical solution

Fig. 3 Effect of key parameters on velocity profiles: (a) metal-
foam morphology parameters and (b) hollow ratio
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Figure 4(c) presents the effect of hollow ratio on n for different
pore densities with fixed porosity 0.9. A saturation point Yi;s still
exists and the saturation value decreases with an increase in pore
density. It is noted that the pore density has more obvious effect
on n compared with porosity, implying that the permeability of
porous foam is very sensitive to the pore density rather than the
porosity.

4.4 Friction Factor. As stated above, porosity, pore density,
hollow ratio, and Reynolds number are all important factors influ-
encing the flow characteristics. In this section, the effects of these
parameters on friction factor are examined and presented in
Fig. 5.

Figure 5(a) presents the effect of porosity on friction factor for
different pore densities. As can be seen, the friction factor
decreases with an increase in porosity. This is due to that an
increase in porosity can result in the decreased solid volume frac-
tion in the foam region and the relieved flow resistance. Figure
5(b) shows the effect of pore density on friction factor for differ-
ent porosities. As pore density increases, the friction factor
sharply increases for small pore density and then gradually

Fig. 4 Mass flow fraction in foam region: (a) as a function of
hollow ratio for different porosities, (b) as a function of pore
density for hollow ratios, and (c) as a function of hollow ratio
for different pore densities

Fig. 5 Effect of key parameters on friction factor: (a) porosity,
(b) pore density, and (c) hollow ratio
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reaching a plateau when the pore density continues to increase.
This could be attributed to the fact that mass flow fraction in the
foam region becomes less than 2.5% when pore density is high
enough (>20 PPI for Yi¼ 0.3 from Fig. 4(b)), demonstrating the
mild effect of the porous structure on flow resistance after the
turning point of pore density. This phenomenon is quite different
from that in the channel fully filled with metallic foams. Figure
5(c) presents the effect of hollow ratio on friction factor for differ-
ent Reynolds number. It is found that the friction factor reduces
with increase of Yi. When Yi approaches 1 as the smooth channel,
all the friction factors for the different channel heights converged
to the value for empty channel (96=Re) [27].

4.5 Temperature Profile. Based on the temperature distribu-
tion in Eqs. (33)–(36), the effects of porosity, pore density, and
hollow ratio on temperature profiles are shown in Fig. 6. It should
be noted that the effective thermal conductivity of solid kse is used

in the dimensionless temperature. However, kse is influenced by
foam morphology parameters from Table 1. To diminish effect of
kse on temperature for different foam morphologies, a nominal
excess temperature h=kse ( Tw � Tð Þ= qwHð Þ) was used to represent
the temperature instead of h as indicated in Ref. [10].

Figure 6(a) presents the influence of porosity on temperature
profile. As can be seen, the nominal excess temperature of fluid in
the hollow region decreases in the y direction and the decreasing
trend becomes less obvious in the foam region. This is due to that
the total thermal resistance in the foam region is lower than that in
the hollow region for the significant heat transfer surface exten-
sion. The nominal excess temperatures of fluid and solid in the
foam region for e ¼ 0:9 were lower than that for e ¼ 0:95 because
the decreased porosity leads to the increase in both the effective
thermal conductivity and the foam surface area to improve the
corresponding heat transfer with the same heat flux.

The effect of pore density on temperature profile is shown in
Fig. 6(b). The solid excess temperature is almost the same in the
foam region for different pore densities. This is attributed to that
the heat conduction thermal resistance of the foam is mainly
affected by porosity from Table 1. On the other hand, the nominal
excess fluid temperature for 5 PPI is significantly smaller than
that for 30 PPI. The trend inconsistency of the fluid and solid tem-
peratures in the two regions for the two pore densities is caused
by mass flow fraction in the foam region. The local convective
heat transfer coefficient for 5 PPI was higher than 30 PPI due to
the relative higher mass flow fraction in the foam region as indi-
cated in Fig. 4(b). However, the heat transfer surface area inside
the foam for 5 PPI is lower than that for 30 PPI. The two opposite
effects competed with each other, resulting in the identical tem-
perature difference between wall and fluid in the foam region.
However, in the hollow region, the porous–fluid interface area
becomes the only surface area, which is the same for the two pore
densities under the same porosity. Hence, the temperature differ-
ence between wall and fluid for 5 PPI is reduced and obviously
lower than that for 30 PPI.

Figure 6(c) presents the comparison of fluid and solid tempera-
ture distribution for different channels, including empty channel
(Yi ¼ 1), foam partially filled channel (Yi ¼ 0:5), and foam fully
filled channel (Yi ¼ 0). The nominal excess temperature becomes
dependent on the heat transfer area and local heat transfer coeffi-
cient. In the hollow region, the heat transfer surface area is
reduced to the interface area for foam partially filled channel
(Yi ¼ 0:5), which was much smaller than the volume surface area
of the fully filled channel (Yi ¼ 0). The nominal fluid excess tem-
perature increases in the order of Yi ¼ 1:0, Yi ¼ 0:5, and Yi ¼ 0
since the total convective thermal resistance 1= hasf

� 	
decreases in

the order Yi ¼ 0, Yi ¼ 0:5, nd Yi ¼ 1:0 in the clear fluid region. In
the near-wall foam region, the mass flow rate accounts for about
2.5% of the total mass flow rate (Fig. 4(b)) and the local heat
transfer coefficient for Yi ¼ 0:5 is reduced compared with that for
Yi ¼ 0. However, the effect of fluid heat conduction dominates in
the near-wall area, resulting in that the nominal fluid excess tem-
perature for Yi ¼ 0:5 is lower than that for foam fully filled chan-
nel (Yi ¼ 0). Thus, an intersection point occurs in the curve of the
fluid excess temperature distribution.

4.6 Heat Transfer Performance. Figure 7(a) presents the
effect of porosity on Nu for four different metal materials: steel,
nickel, aluminum, and copper with air as working fluid. The Nus-
selt number does not monotonically increase with porosity
increase and a maximum value of Nu exists at a critical porosity.
This can be attributed to the fact that increasing porosity will lead
to a decrease in effective thermal conductivity and an increase in
mass flow rate in the foam region. Below the critical porosity, the
increase of the mass flow region prevails and Nu increases to the
maximum value. When the porosity is higher than the critical
value, which approaches 1, the decrease of thermal conductivity
prevails. The Nusselt number sharply reduces and approaches the

Fig. 6 Effect of key parameters on temperature profiles: (a)
porosity, (b) pore density, and (c) hollow ratio
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value of the smooth channel. It is observed that the increase in the
solid thermal conductivity can result in an increase in Nu. The
critical porosity also increases with the solid thermal conductivity.
It is implied that porosity should be kept at an optimal value in the
design of related heat transfer devices in order to maximize the
heat transfer coefficient.

Figure 7(b) shows the effect of pore density on Nu for different
hollow ratios in which the two limiting cases for Yi¼ 1 of Lien-
hard et al. [27] and Yi¼ 0 of Mahjoob and Vafai [28] are com-
pared as references. As Yi approaches 1, the predicted Nu of the
present analytical solution, with a value of 8.235, coincides accu-
rately with that of the smooth channel of Lienhard et al. [27]. As

Yi approaches 0, the difference between present analytical result
and Mahjoob and Vafai [28] is very mild since the effect of vis-
cous force of impermeable wall is considered in the present work
and not considered in Ref. [28] with Darcy model. This provides
another evidence for the feasibility of the present analytical solu-
tion. It is also found that the Nusselt number gradually decreases
to a constant value as pore density increases. Increasing pore den-
sity can improve the heat transfer surface area but can lead to
drastic deduction of mass flow rate in the foam region since n
decreases to less than 2% in the foam region when the pore den-
sity is higher than 30 PPI as seen in Fig. 4(b). Hence, small pore
density is recommended to maintain heat transfer performance
and to reduce pressure drop for thermal design of related
applications.

The effect of hollow ratio on Nu under various kf/ks is shown in
Fig. 7(c). At high kf/ks (1, 10�1), a minimized Nu exists as Yi

varies from 0 to 1, which is in accordance with the thermal equi-
librium result of Poulikakos and Kazmierczak [17]. However, Nu
monotonically decreases as Yi varies from 0 to 1 for low kf/ks, as
is the case for metallic foams with high solid thermal conductiv-
ities. This is attributed to that both the mass flow rate and foam
surface area in the foam region reduce as Yi increases. As Yi

approaches 1, Nusselt number gradually converge to the value
8.235, which is the exact value of forced convective heat transfer
in smooth channel (Yi¼ 1).

To investigate the comprehensive performance of foam par-
tially filled channel considering both heat transfer enhancement
and pressure drop penalty. Figure 8 presents the effect of Reyn-
olds number on the comprehensive performance for different hol-
low ratios with j=f 1=3 as the evaluation criteria. It is found that
j=f 1=3 for Yi< 0.3 is higher than that for empty tube in present
Reynolds number range. Thus, the hollow fraction less than 0.3,
which own comprehensive heat transfer performance, can be rec-
ommended for practical application.

5 Conclusions

By adopting closure conditions for flow and heat transfer at
foam–fluid interface, the Brinkman–Darcy and Navier–Stokes
equations, as well as the two energy equations for the foam region
and the energy equation for the clear fluid region, have been
linked together. Analytical solutions for velocity and temperature
are proposed. Explicit expressions for friction factor and Nusselt
number are derived. To reveal cross-sectional flow heterogeneity
of foam partially filled channel, mass flow fraction in foam region
is proposed, which is significantly affected by the hollow ratio.
There exists a saturation hollow ratio after which n decreases to a
level less than 10%. Moreover, n is more sensitive to the pore den-
sity than porosity. Flow resistance can be reduced by increasing

Fig. 7 Effect of key parameters on the Nusselt number: (a)
porosity, (b) pore density, and (c) hollow ratio

Fig. 8 Effect of Reynolds number on comprehensive perform-
ance for different hollow ratios
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porosity, reducing pore density, and decreasing hollow ratio. Fric-
tion factor grows to a plateau when pore density becomes higher
than a certain value. An optimal porosity exists, at which maxi-
mum heat transfer performance is obtained as porosity increases.
However, heat transfer is deteriorated by increasing pored density,
implying that small pore density should be recommended. Taking
heat transfer enhancement and pressure penalty into account, the
hollow fraction range Yi< 0.3 offers superior comprehensive per-
formance with higher j=f 1=3 compared with empty channel.
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Nomenclature
asf ¼ specific surface area, m�1

cf ¼ specific heat capacity of fluid, J � kg�1 � K�1

Da ¼ Darcy number
f ¼ friction factor
h ¼ heat transfer coefficient, W �m�2 � K�1

hsf ¼ local heat transfer coefficient at solid-fluid contacting sur-
face, W �m�2 � K�1

H ¼ one half of the channel height, m
j ¼ j factor
k ¼ thermal conductivity, W �m�1 � K�1

K ¼ permeability, m2

Nu ¼ Nusselt number, Nu ¼ h � 4H=kf

p ¼ pressure, N �m�2

P ¼ dimensionless pressure drop
Pr ¼ Prandtl number
qm ¼ mass flow, kg � s�1

qw ¼ heat flux, W �m�2

Re ¼ Reynolds number, Re ¼ qfum4H=lf

T ¼ temperature, K
u; v ¼ x, y velocity components, m � s�1

um ¼ mean velocity, m � s�1

U ¼ dimensionless u velocity
x; y ¼ Cartesian coordinates, m

yi ¼ interface location in y direction, m
Y ¼ dimensionless y coordinate
Yi ¼ dimensionless interface location, i.e., the hollow ratio

Greek Symbols
e ¼ porosity
n ¼ mass flow fraction in the foam region
x ¼ pore density, PPI
l ¼ dynamic viscosity, kg �m�1 � s�1

h ¼ dimensionless temperature
q ¼ density, kg �m�3

Subscripts
b ¼ bulk
e ¼ effective
f ¼ fluid
i ¼ interface
s ¼ solid/saturation
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