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A thermal resistance analysis for pin-fin heat sinks subjected to nonuniform flame impinging-jet heating is

presented.Explicit analytical expression of the overall total resistance is obtainedby evaluating each of the individual

thermal resistances in the circuit, including the spreading resistance, the material resistance, the convective

resistance, and the resistance due to fluid temperature rise. Upon modeling the nonuniform heat flux distribution

over the entire upper surface of the substrate due to flame impinging-jet heating with an exponential function, the

spreading resistancewithin a circular plate is obtained analytically. To verify the assumptions/approximationsmade

in the analogy model, the results predicted by the thermal resistance analogy model are compared with those

obtained from a three-dimensional numerical model, with overall good agreement achieved. The interaction of heat

conduction in the substrate and heat convection in the fluid flow is then investigated using the analogy model.

Obtained results demonstrate that increasing the rate of convection heat transfer decreases the spreading resistance

in the substrate. Furthermore, an optimal substrate thickness is found to exist when the lateral spreading of heat in

the substrate is balanced by that conducted through the thickness direction of the substrate.

Nomenclature

A = cross-sectional area of pin fin, m2

Ab = cross-sectional area of substrate, LW, m2

B, C = constants in Eq. (10)
Bi = Biot number, her0=ks
cp = specific heat, J=kgK
Dh = hydraulic diameter of pin-fin channel,

2WH=�W �H�, m
hb, hfin = heat transfer coefficients on substrate and pin fin,

W=m2 K
he = equivalent endwall heat transfer coefficient,

W=m2 K
J0���, J1��� = Bessel functions of order 0 and 1
k = thermal conductivity,W=mK
_m = mass flow rate of convective flow, kg=s
N = number of pin fins
P = perimeter of pin fin’s cross section, m
Q = rate of heat entering into substrate, Eq. (19), W
q0 = heat flux level at impinging center, W=m2 K
Rconv = equivalent convection resistance, K=W
Rfilm = film resistance at unfinned substrate surface, K=W
Rfin = fin resistance, K=W
Rheat = resistance caused by fluid temperature rise, K=W
Rm = material resistance, K=W

Rs = spreading resistance, K=W
Rsub = substrate resistance, Rs � Rm, K=W
Rtot = total thermal resistance, K=W
ReDh = convection Reynolds number based on hydraulic

diameter, �inu0Dh=�f;in
r0 = equivalent radius of rectangular substrate,

Eq. (7), m
Tf;ave = average fluid temperature, K
Tin = inlet temperature of convective flow, K
�Tup, �Tlow = average temperature over upper surface and lower

surface, K
T0 = centroid temperature at impinging center, K
t = thickness of substrate, m
u0 = approach velocity of convective flow, m=s
� = viscosity, kg=ms
� = temperature rise of substrate, Tb�r; z� � Tf;ave, K
�n = dimensionless eigenvalues
�s = dimensionless spreading resistance, ksr0Rs,

Eq. (20)
�sub = dimensionless substrate resistance, ksr0Rsub,

Eq. (47)
� = density, kg=m3

� = dimensionless substrate thickness, t=r0

Subscripts

b = substrate
f = fluid
fin = pin fin
s = solid

I. Introduction

P IN fins have been extensively used in a wide range of industrial
applications, such as internal cooling of turbine blades, thermal

management of power electronics, and compact heat exchangers.
Correspondingly, numerous studies have been carried out to explore
the thermal and fluidic mechanisms associated with pin-fin arrays in
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forced convection. Themajority of these studies focus on pin-fin heat
sinks with uniform thermal boundary (either temperature or heat
flux) conditions imposed through the substrate to which the pin fins
are attached [1–5].

In certain engineering applications, e.g., jet blast deflector (JBD),
in which a flat panel accommodating a specially designed heat
exchanger deflects exhaust gas from a jet engine, the thermal
boundary conditions imposed on the JBD cannot be described as
uniform. Motivated by this engineering application, this work deals
with single-phase forced convection in pin-fin heat sinks subjected to
nonuniform heating that mimics a flame jet impinging normally on a
simplified JBD setup, as shown schematically in Fig. 1.

To assess the performance of a heat exchanger for practical
applications, theoretical modeling plays an important role. With the
rapid progress of high-speed computers, numerical simulations such
as computational fluid dynamics (CFD) have been successfully
implemented for many applications. However, for the present
problem shown in Fig. 1, the CFD simulations can be computa-
tionally intensive, since several millions of elements are needed to
fully realize the flow characteristics around pin-fin geometries and
are hence time-consuming; furthermore, the prediction accuracy is
often challenging when turbulence in pin-fin geometries needs to be
modeled. To avoid modeling the time-consuming and challenging
turbulent flow in the pin fins, the present authors have analytically
developed and experimentally validated a numerical model for pin-
fin heat sinks under nonuniform hot-gas impinging-jet heating [6].
The fluid flow was assumed to have a uniform temperature within
each pin-fin unit cell so that the in-plane distribution of fluid
temperature can be predicted without knowing the local flow distri-
bution in each unit. The equations governing fluid flow temperature,
substrate temperature, pin-fin temperature were coupled to solve.
Nonuniform convective heating boundary condition was applied at
the top surface of the substrate to model the heating of hot-gas
impinging jet. Empirical heat transfer coefficients were applied over
pin-fin surfaces and unfinned substrate surface in the channel.
However, to solve the numerical model in [6], a complicated
computer program is still required. It is therefore valuable to develop

a simplified yet accurate analytical model for engineering-level
modeling of the problem shown in Fig. 1.

The thermal resistance analogy has been employed in lieu of
numerical simulation to predict the overall thermal performance of a
pin-fin heat sink under uniform and nonuniform heating conditions
[7,8]. Under a uniform heat flux boundary condition, Peles et al. [7]
performed thermal resistance analysis for a micro pin-fin heat sink,
and only the convective resistance and the resistance caused by fluid
temperature rise were included in the circuit. They found that the
thermal resistance caused by fluid temperature rise plays an
important role in the total thermal resistance for a micro pin-fin heat
sink, whereas the material resistance in the substrate is negligible.
For electronics cooling with localized (or discrete) nonuniform
heating, Khan et al. [8] developed a thermal resistance model to
calculate the heat source temperature. The source-to-baseplate joint
resistance, spreading resistance,material resistance, baseplate-to-pin
contact resistance, and convective resistance were included in the
circuit. The spreading resistance was determined from previous
studies (Yovanovich et al. [9] and Song et al. [10]).

Unlike numerical simulation such as CFD predicting the local
thermal field at every point in the heat sink, the thermal resistance
analogy only focus on some special temperatures at selected
locations (or joints) in the heat sink, these temperatures are connected
by thermal resistance network. By determining the expressions of
each individual thermal resistances, the concerning temperatures at
selected locations can then be determined. This simplification offers
the merits for the thermal resistance analogy: simply, explicit
analytical expressions for complex engineering problem can be
obtained without tedious numerical simulation.

One objective of this paper is to develop a simple yet accurate
model for engineering-level modeling of pin-fin heat sinks subjected
to nonuniform flame impinging-jet heating from the spreading
resistance perspective.Heating by theflame impinging jet ismodeled
by prescribing a nonuniform heat flux distribution expressed by an
exponential function on the substrate. To determine the overall
system resistance of heat sink, the spreading resistance of continuous
nonuniform exponential heat flux distribution on finite circular plate
is presented. The assumptions/approximations made in the thermal
resistance analogy are verified by comparing the results with those
obtained from a previously developed numerical model in [6]. Based
on the verifiedmodel, the second objective is to analyze the effects of
convective flow rate and thermal conductivity of material on
variation of each individual thermal resistance. Particular analysis is
made on the interaction of spreading resistance in the substrate and
convection resistance in fluid flow. The optimal substrate thickness
that minimizes temperature at the impinging center at given flow
condition is also revealed and analyzed in detail.

II. Review of Spreading Resistance
for Electronics Cooling

Constriction and spreading resistances exist whenever heat is
transferred from one region to another with a cross-sectional area
change. When heat flows from a small source area to a large space,
the thermal resistance is called spreading resistance, inversely when
heat enters a small cross-sectional area from a large space, the
thermal resistance is called constriction resistance [11]. Constriction/
spreading resistances are often involved in electronic packaging
design, and hence extensive studies have been devoted to thisfield for
many different geometries (e.g., circular plate, rectangular plate,
half-space, etc.) and different boundary conditions.

Lee et al. [12] investigated heat spreading in finite isotropic
circular plate of radius b and thickness t with a circular isoflux heat
source of radius a over a portion of the upper surface (z� 0). The
remainder upper surface outside the source and the side surface were
adiabatic. Uniform heat transfer coefficient (or contact conductance)
he and fixed reference temperature Tf were specified at the lower
surface of the plate, as schematically shown in Fig. 2a. They
presented analytical solutions for dimensionless spreading resist-
ances based on both centroid temperature and source average
temperature in the form of infinite series.

Fig. 1 Pin-fin heat sink subjected to nonuniform flame impinging-jet

heating.
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Song et al. [10] provided simple closed form correlation equations
for the exact solution developed in [12]. The correlation equations
were within 10% of the exact solution. An example analysis was
performed to demonstrate the usefulness of the equations. In their
case study, a fin heat sink was tested under two boundary conditions
separately: isoflux over the entire substrate surface and isoflux over
partial central area of the substrate surface (i.e., uniform heating vs
discrete nonuniform heating). The equivalent heat transfer coef-
ficient he was measured from the uniform heating measurement.
Then it was used in the spreading resistance model to predict the
temperature of heat sink with discrete heating condition. The
predicted results agreed well with those from the discrete heating
measurements.

Kennedy [13] solved temperature distributions in finite circular
plate with circular isoflux heat source over portion of the upper
surface. Three boundary condition combinations were investigated
by considering whether it was adiabatic or at a constant temperature
for the side surface and the lower surface of the plate. The spreading
resistance was not presented explicitly, and the nondimensional
temperature within the circular plate nondimensionalized by the
centroid temperature was plotted in the paper: i.e., Tb�r; z�=Tb�0; 0�.

Lu et al. [14] developed analytical models for temperature
distributions in single layer circular plate and two-layer circular plate
with isothermal circular heat source that is positioned over the central
portion of the upper surface of the plate. The shear-lag type method
was used to solve the governing equations, which led to simple
solutions without any infinite series. Through analyzing the obtained
results, the authors were able to demonstrate both the spreading
effects and the insulation effects of the substrate, depending on the
chip-level power density, chip density (spacing), material of the
substrate, etc.

In addition to isoflux and isothermal boundary conditions
considered, the spreading resistances for general, axisymmetric heat
flux distribution q�r� over the circular source have been also
investigated by numerous researchers. Yovanovich [15] presented
general solution for thermal spreading and system resistances of a
circular source of radius a on a finite circular plate of radius b and
thickness t. The side surface and the lower end surface were cooled
by fluid flow with individual heat transfer coefficients along each
surface, while at a fixed reference temperature, as schematically
shown in Fig. 2b. The axisymmetric heat flux distribution has the
form as

q�r� �Q�1� ��
�a2

�
1 �

�
r

a

�
2
�
�

for 0<
r

a
< 1 (1)

where � is the heat flux distribution parameter. Three particular
solutions were considered by setting: ���1=2, the equivalent
isothermal source (as this distribution produces nearly isothermal
condition on surface area); �� 0, isoflux source; and �� 1=2,
parabolic flux distribution (see Fig. 2b).

Yovanovich et al. [16] obtained spreading resistance within a two-
layer circular plate of radius b. A general heat flux distribution was
applied over a circular source of radius a situated centrally on the
upper surface of the compound plate, with the form of q�r��
q0�1 � �r=a�2��, where q0 is the heat flux level at the centroid of the
source. The remainder of the upper surface outside the source was
adiabatic, the lower end surface was subjected to convective cooling
�he; Tf�, and two boundary conditions were considered along the
side surface: constant temperature and adiabatic.

Mikic and Rohsenow [17] also reported spreading resistances for
general heatflux distribution over a circular heat source on one end of
a semi-infinite circular plate and a finite circular plate with the
adiabatic side surface. Through analysis they found that the
spreading resistance can be obtained by means of the alternative
definition (based on source average temperature):

QRs �
2

a2

Z
a

0

Tb�r; 0�r dr �
2

b2

Z
b

0

Tb�r; 0�r dr (2)

where Tb�r; 0� is axisymmetric temperature on the source plane
z� 0.

Yovanovich et al. [9] presented analytical models for spreading
resistance of an isoflux, rectangular heat source on a two-layer
rectangular plate with convective cooling boundary at the lower end
surface. The spreading resistance within rectangular plate is
substantially three-dimensional, while several investigators have
argued that the 3-D spreading models can be simplified by using the
2-D axisymmetric model in circular plate if appropriate length scale
is used in the nondimensional spreading resistance (Negus et al. [18],
Nelson and Sayers [19], and Naraghi and Antonetti [20]).

Negus et al. [18] showed that when the square root of the source
area is selected as length scale to nondimensionalize the spreading
resistance and the ratio of source area to cross-sectional area of the
conducting plate are the same, then such defined nondimensional
spreading resistances have very close values for circle/circle, circle/
square and square/square source-to-plate combinations.

Nelson and Sayers [19] numerically compared the spreading
resistances within 2-D planar, axisymmetric plate, and rectangular
plate. The influence of the aspect ratio of the rectangular plate was
examined. They concluded that the axisymmetric model is always
accurate to replace 3-D model with aspect ratios near one.

As reviewed above, numerous studies have been devoted to the
spreading resistances extensively for electronic cooling application,
where discrete nonuniform heating at a boundary surface is involved
(i.e., the heat source area is smaller than the cross-sectional area of the
substrate). In comparison, for present problem, as shown in Fig. 1,
the substrate of heat sink is subjected to a continuous nonuniform
heat flux expressed by exponential function due to the flame
impinging-jet heating (i.e., the heat source over the entire substrate
surface but being nonuniform). To the best of our knowledge, there is
no readily available spreading resistance model for the present
problem, although it may be obtained by considering the limiting
case of the existing solutions for axisymmetric heat flux distribution
over circular source area on finite circular plate. The spreading
resistance of continuous nonuniform exponential heat flux
distribution on finite circular plate is therefore reported in the study
to determine the overall system resistance of a heat sink subjected to
flame impinging-jet heating.

III. Thermal Resistance Model

Consider pin-fin heat sink subjected to nonuniform exponential
heat flux distribution q�r� due to flame impinging jet, as shown
schematically in Fig. 1. The dimensions of the heat-sink substrate are
length L by widthW by thickness t. The pin fins are monolithically
rooted from the substrate and there is no contact resistance between

Fig. 2 Spreading resistance of circular heat source on finite circular
plate: a) isoflux over source area and b) axisymmetric heat flux over

source area.
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them assumed. The pin-fin array is inline arranged, and each pin-fin
element is square-shaped, with cross-sectional area of A�D2 and
heightH, whereas the thermal analogymodel developed below is not
limited to square pin fins and inline arrangement. The transverse and
longitudinal center-to-center pin pitches are ST and SL, respectively.
Uniform and steady flow of air coolant is forced passing through the
channel to remove the heat from jet. The approach velocity of the
fluid is u0 with a temperature Tin. Assume that the side surfaces of
the substrate and that of the flow channel and the bottom substrate of
the flow channel are all adiabatic.

A. Overall Total Thermal Resistance

An analogy between the present pin-fin heat sink under flame
impinging jet and that with discrete heat source for electronics
cooling can be made, as illustrated in Fig. 3. For the present problem
of Fig. 3a, theflame impinging jet produces a continuous nonuniform
exponential heat flux over the entire upper surface z� 0; for the
problem of Fig. 3b, discrete nonuniform heat flux is applied over the
central area of the upper surface, the rest of the upper surface area
being adiabatic. Common for both cases, the nonuniform heat flux
distribution causes lateral heat spreading in the substrate and, after
spreading, all the heat sources leave the substrate at z� t and finally
end up in the fluid. Because of the similarity of the two problems, the
thermal analogy model of the present problem can be developed
based on the model established by Khan et al. [8] and Culham et al.
[21] for electronics cooling, as detailed below.

The overall total thermal resistance in the study is defined based on
the centroid temperature rise, as

Rtot �
T0 � Tin
Q

(3)

whereT0 is the substrate temperature at the impinging center,Q is the
rate of heat transfer from the jet. The total thermal resistance is
composed of several individual thermal resistances, i.e., spreading
resistance Rs, material resistance Rm, equivalent convective
resistance Rconv, and thermal resistance caused by fluid temperature
rise Rheat (see Fig. 4), as,

Rtot � Rs � Rm � Rconv � Rheat (4)

and

Rconv � 1=�N=Rfin � 1=Rfilm� (5)

The definitions of the each individual thermal resistance are

Rs �
T0 � �Tup

Q
(6a)

Rm �
�Tup � �Tlow

Q
(6b)

Rconv �
�Tlow � Tf;ave

Q
(6c)

Rheat �
Tf;avg � Tin

Q
(6d)

where �Tup and �Tlow are the substrate temperature averaged over the
surface at z� 0 and z� t, respectively, and Tf;ave is the average
temperature of fluid over the entire pin-fin channel. Substitution of
Eqs. (6a–6d) into Eq. (4) reduces to the definition of the total thermal
resistance: i.e., Eq. (3).

Note that in present thermal resistance circuit shown in Fig. 4, only
the macro-spreading resistance in the substrate due to the applied
nonuniform heat flux on the upper surface z� 0 is included; in fact,
there is also additional constriction resistance existing in each pin-fin
unit cell as heat entering pin fins from the substrate. Compared with
the macro-spreading resistance, the constriction resistance is a local
thermal behavior and expected to be minor especially when the pin
network is dense and the conductivity of material is high. The error
caused by ignoring the local constriction resistance can be estimated
using the numerical model described in Sec. IV.

B. Spreading Resistance

Toobtain the spreading resistance, heat conduction in the substrate
of heat sink is separately considered. The cross-sectional area of the
substrate is actually rectangular (see Fig. 1). To simplify the problem,
an axisymmetric model is considered instead of the rectangular
substrate, as shown in Fig. 5. The circular plate has a radius r0,
thickness t, thermal conductivity ks, and is isotropic. An axisym-
metric heat flux distribution q�r� expressed by exponential function
is applied over the upper surface of the substrate z� 0 to simulate the
heating of flame impinging jet. At the lower surface (z� t) a uniform
heat transfer coefficient he and a fixed fluid temperature Tf;ave are

Fig. 3 Analogy between a) heat sink under flame impinging jet and

b) heat sink with discrete heat source in electronics cooling.

Fig. 4 Thermal resistance circuit for heat sink subjected to nonuniform

flame impinging jet.

Fig. 5 Spreading resistance of nonuniform exponential heat flux on

circular plate with convective cooling.
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applied, whereas the side surface r� r0 is adiabatic. Note that the
heat transfer coefficient he is an equivalent endwall heat transfer
coefficient, which considers the elevation of heat transfer by pin fins.
The determination of he will be addressed later.

According to the findings of Negus et al. [18], Nelson and Sayers
[19], and Naraghi and Antonetti [20], the spreading resistance in
circular plate can effectively represent that of rectangular plate, given
that the equivalent radius of the rectangular plate is the same as the
radius of the circular plate. The equivalent radius of the rectangular
plate is therefore calculated as (see Figs. 1 and 5):

r0 �
������
Ab
�

r
�

��������
LW

�

r
(7)

The governing differential equation for the temperature
distribution in the circular plate is

1

r

@

@r

�
r
@�

@r

�
� @

2�

@z2
� 0 0< r < r0; 0< z < t (8)

The boundary conditions are

@�

@r
� 0 at r� 0 (9a)

@�

@r
� 0 at r� r0 (9b)

� ks
@�

@z
� q�r� at z� 0 (9c)

� ks
@�

@z
� he� at z� t (9d)

where ��r; z� � Tb�r; z� � Tf;ave is the temperature rise, Tb�r; z� is
the substrate temperature.

In Eq. (9c), the nonuniform heat flux distribution due to flame jet
can be expressed by an exponential function as [22,23]:

q�r� � q0e�B�r=r1�
C

(10)

whereB andC are the constants adjusting the distribution shape;q0 is
themaximumheatflux at the impinging center, i.e., at �r; z� � �0; 0�;
and r1 is the radial distance from corners of the rectangular substrate
to the impinging center (see Fig. 1). For a given flame jet config-
uration, the constants can be determined by a hybrid numerical-
experimental analysis. Equation (10) for rectangular substrate is
converted to the form for circular substrate, as

q�r� � q0e�B1�r=r0�C (11)

and

B1 � B�r0=r1�C � B
� ���������������������

4

�
� �

�2 � 1

s �
C

(12)

where �� L=W is the aspect ratio of the rectangular substrate.
Upon applying the method of separation of variables, the solution

of the temperature distribution in the substrate can be obtained, as

��r; z� � 2
q0r0
ks

�Z
1

0

�e�B1�
C
d�

�
� � 	� 1

Bi

�

�
X1
n�1

R
1
0 �e

�B1�
C
J0��n��d�J0��n��
n
�nJ

2
0��n�

�
(13)

where


n �
�n cosh��n�� � 	�� � Bi sinh��n�� � 	��

�n sinh��n�� � Bi cosh��n��
(14)

Here, � � t=r0, � � r=r0, 	� z=r0; J0��� and J1��� are the Bessel
functions of the first kind of order 0 and 1; and the eigenvalue �n are
the roots of J1��n� � 0 which are computed by means of the
following modified Stokes approximation [15]:

�n �
�n
4

�
1 � 6

�2
n

� 6

�4
n

� 4716

5�6
n

� 3902918

70�8
n

�
(15)

with �n � ��4n� 1� and n� 1; 2; 3; . . .
The Biot number Bi is defined as

Bi� her0
ks

(16)

The substrate temperature at the impinging center and the average
temperature over the upper surface z� 0 are determined as

T0 � ��0; 0� � Tf;ave (17)

�T up �
2�

Ab

Z
r0

0

r���r; 0� � Tf;ave� dr (18)

The rate of heat entering into the substrate from jet can be obtained
by integrating the local heat flux distribution q�r� as

Q� 2�

Z
r0

0

rq�r� dr (19)

According to Eq. (6a), the spreading resistance can be finally
determined with its dimensionless form as

�s � ksr0Rs �
1

�

X1
n�1

R
1
0 �e

�B1�
C
J0��n�� d�
0n

�nJ
2
0��n�

R
1
0 �e

�B1�
C
d�

(20)

where


0n �
�n cosh��n�� � Bi sinh��n��
�n sinh��n�� � Bi cosh��n��

(21)

C. Material Resistance

The material resistance, along with the spreading resistance, is
associated with heat conduction in the substrate. The material resis-
tance exists along the thickness direction of the substrate and can be
directly determined using Fourier’s law, as

Rm �
t

Abks
(22)

D. Equivalent Convective Thermal Resistance

At the lower surface of the substrate (z� t), part of the heat is
taken away directly by fluid flow from the unfinned surface area, and
the associated convective resistance is the film resistanceRfilm [8,21].
The remaining heat is conducted by pin fins and finally convected at
the pin-fin surfaces, the thermal resistance is associated with
conduction along the pin height, and convection at the pin-fin surface
is the fin resistance Rfin [8,21]. The equivalent convective thermal
resistance assumes that all the heat is dissipated to fluid flow at the
bottom surface of the substrate (area Ab � LW) by convection with
an equivalent endwall heat transfer coefficient he and fixed average
fluid temperature Tf;ave. Therefore, the following expression for
Rconv is equivalent to that of Eq. (5), as

Rconv �
1

heAb
(23)

The equivalent endwall heat transfer coefficient can be obtained by
experimental measurements with uniform boundary conditions [10]
or determined by empirical correlations. Upon the assumption of
uniform equivalent endwall heat transfer coefficient of the pin-fin
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channel flow, an arbitrary unit cell of the pin-fin heat sink (see Fig. 6)
can be used to determine he. Heat balance for the substrate in the unit
cell dictates

Qu �Qu
b �Qu

fin (24)

where

Qu � he�STSL�� �Tb � Tf� (25)

Qu
b � hb�STSL � A�� �Tb � Tf� (26)

Qu
fin � hfin�fin�PH�� �Tb � Tf� (27)

whereQu,Qu
b, andQ

u
fin are the total rate of heat dissipation in the unit

cell, heat convection from the unfinned surface in the unit cell, and

heat dissipation from pin fin in the unit cell, respectively; �Tb is the
average temperature of the substrate at surface z� t in the unit cell;
Tf is the average fluid temperature in the unit cell; A and P are the
cross-sectional area and perimeter of the pin fin, respectively; hb is
the heat transfer coefficient on the substrate surface (unfinned
surface) directly exposed to the convectiveflow, andhfin is that on the
pin-fin surface; and �fin is the fin efficiency given by

�fin �
tanh�mH�
mH

(28)

m�
�����������
hfinP

ksA

s
(29)

Substitution of Eqs. (25–27) into Eq. (24), one can obtain the
equivalent endwall heat transfer coefficient as

he �
hb�STSL � A� � hfin�fin�PH�

�STSL�
(30)

In Eq. (30), the heat transfer coefficient hfin for square pin fins has
been empirically correlated by Kim et al. [4], and the heat
transfer coefficient hb may be taken as hb � hfin as suggested by
Feng et al. [6].

E. Thermal Resistance Caused by Fluid Temperature Rise

According to the definition in Eq. (6d), the thermal resistance
caused by fluid temperature rise can be determined if the average
fluid temperature in the channel is known. The average fluid
temperature Tf;ave is approximately estimated by considering energy
balance of fluid flow across the channel from inlet to outlet, as

Q� _mcp�Tout � Tin� (31)

where _m is the mass flow rate of the convective flow, and Tin and Tout
are the bulk mean temperature of fluid at the inlet and exit of the pin-
fin array, respectively. Assuming that the averagefluid temperature in
the pin-fin channel takes the arithmetic mean of Tin and Tout, one has

Tf;ave 	
�Tout � Tin�

2
� Q

2 _mcp
� Tin (32)

Substitution of Eq. (32) into Eq. (6d) yields the thermal resistance
caused by fluid temperature rise as

Rheat 	
1

2 _mcp
(33)

Finally, the analytical expression for the total thermal resistance is
determined by adding the each resistance serially:

Rtot �
�s

ksr0
� t

ksAb
� 1

heAb
� 1

2 _mcp
(34)

IV. Numerical Model

In the proposed analogy model, a few assumptions/approxima-
tions have been made to simplify the problem:

1) The fluid temperature Tf;ave is assumed to be uniform beneath
the substrate in the channel, whereas it is spatially distributed in
reality.

2) A circular plate is used instead of the rectangular plate.
3) The average fluid temperate over the pin-fin channel is

approximated by taking the arithmetic mean of fluid temperatures at
the inlet and outlet when determining Rheat.

4) The constriction resistance in the substrate near each pin-fin end
due to heat entering pin fins from the substrate is not taken into
consideration; i.e., local thermal behavior near pin-fin roots in each
unit cell is not considered.

As it has been established that the numerical model developed by
the present authors in [6] is able to predict the coupled 3-D local
temperature fields in the substrate, in thefluid, and in each pinfin, it is
therefore free from all the assumptions/approximations made in the
analogy model as listed above. Actually, the numerical model was
developed analytically; the name semi-empirical model used in [6] is
due to the fact that the model needs empirical correlations for heat
transfer coefficients on pin surfaces (hfin) and on the unfinned
substrate surface (hb). Therefore, the numerical model can be
employed here to check the accuracy of the present analogy model.
For completeness, the numerical model is briefly described below;
more details can be found in [6].

A. Heat Conduction in Substrate

The temperature field in the substrate Tb�x; y; z� is governed by
3-D heat conduction equation, as

��cp�s
@Tb�x; y; z�

@�
� ks

�
@2Tb�x; y; z�

@x2
� @

2Tb�x; y; z�
@y2

� @
2Tb�x; y; z�
@z2

�
(35)

For the present pin-fin heat sink (Fig. 1), the boundary conditions for
Eq. (35) are specified as follows.

On side edges (x�
L=2, y�W=2) and symmetry surface
(y� 0),

@Tb
@x
� 0 at x�
L=2 (36a)

@Tb
@y
� 0 at y� 0; and y�W=2 (36b)

On the substrate surface at z� 0,

� ks
@Tb
@z
� q�r� (36c)

On the substrate surface at z� t directly exposed to fluid flow,

� ks
@Tb�x; y; z�

@z
� hb�Tb�x; y; t� � Tf�x; y�� (36d)

On the substrate surface at z� t connected to pin fins,

� ks
@Tb�x; y; z�

@z
� qfin (36e)

whereTf�x; y� is the averaged fluid temperature in the pin-fin unit (to
be defined later), andqfin is the heatflux conducted by the pinfin from
the substrate. A positive qfin indicates that heat transfer occurs from
the substrate to the pin fin. Note that the value of qfin for each pin fin
differs, depending on its spatial location.
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B. Energy Equation for Forced Convective Flow

With the assumption of uniform fluid temperature in each unit cell,
the variation of the (average) fluid temperature in the x-y plane can be
obtained by heat balance analysis of fluid flow within an arbitrary
located unit cell (Fig. 6). It has been established that, with the four
heat transfer mechanisms (heat storage, conduction, streamwise
convection, and heat source), the differential equation governing the
distribution of the unit-cell-averaged fluid temperature in the x-y
plane is given by [6]

��cp�f
�
@Tf�x; y�
@�

� u0
@Tf�x; y�
@x

�

� kf
�
@2Tf�x; y�
@x2

�
@2Tf�x; y�
@y2

�
� _q (37)

where _q is the heat source due to heat dissipation from the substrate
and the pin fin to the fluid flow:

_q�Q
u
b �Qu

fin

STSLH
(38)

and

Qu
b � hb�STSL � A�� �Tb�x; y; t� � Tf�x; y�� (39)

Qu
fin � hfinPH� �Tfin � Tf�x; y�� (40)

Here, �Tb�x; y; t� is the average temperature of the substrate over the

unfinned surface in the unit cell, and �Tfin is the pin-fin temperature
averaged over the unit cell (to be determined later).

The boundary conditions for Eq. (37) are

Tf � Tin at x��L=2 (41a)

@Tf
@x
�
@Tf
@y
� 0 at x� L=2; y� 0;W=2 (41b)

C. Fin Analogy

To determine the heat flux conducted to each pin fin from the
substrate, i.e., qfin in Eq. (36e), and its subsequent dissipation to the
convective flow, i.e.,Qu

fin in Eq. (40), the transfer of heat in each pin
fin is considered by adopting the classical fin analogy, as

��cp�s
@Tfin�	�
@�

� ks
@2Tfin�	�
@	2

� hfinP
A
�Tfin�	� � Tf�x; y�� (42)

where 	 is the local coordinate along the pin-fin height, as illustrated
in Fig. 6.

Equation (42) can be solved subjected to the following boundary
conditions. At the root of each pin fin, its temperature is identical to
that of the substrate:

Tfin�	�j	�0 � Tb�x; y; t� (43a)

The tip of the pin fin is thermally insulated:

@Tfin�	�
@	

����
	�H
�0 (43b)

Once Tfin�	� is determined, heat conducted to the pin fin from the
substrate can be calculated as

qfin ��ks
@Tfin�	�
@	

����
	�0

(44)

and the average pin-fin temperature appearing in Eq. (40) is

�T fin � �1=H�
Z
H

0

Tfin�	� d	 (45)

The above descriptive equations were solved using the finite
volume method. The solution process was iterative with a sequence
of solving firstly Tb and Tfin, and then Tf. Each equation was
discretized over its individual computational domain, leading to a set
of algebraic equations for each variable. The sets of algebraic
equations for all the variables were then solved by the line-by-line
procedure, which is a combination of the tridiagonal matrix
algorithm and the Gauss–Seidel iteration technique of Patankar [24].
The numerical program was coded in FORTRAN, and the typical
computing time for one run was about 1 h on a personal computer.

V. Discussion of Results: Case Study

In Sec. III, an analytical model based on thermal resistance
analogy has been developed to estimate the local temperature of the
hottest region on the substrate of pin-fin heat sinks subjected to
nonuniform flame impinging jet. Themodel is dependent uponmany
design parameters such as mass flow rate of convection flow, thermal
conductivities of solid and fluid phases, channel height and length,
pin-fin geometrical parameters, and substrate thickness. The
applicability of the model in the design of pin-fin heat sinks is
considered in this section by performing a case study. The prediction
results of the analogy model are compared with those from the
numerical model detailed in Sec. IV to verify the suitability of the
assumptions/approximations made in the analogy model.

The nonuniformdistribution of heatflux reported byCarbajal et al.
[23] for flame jet impinging on a square plate is employed as the
thermal loading in the case study. The empirical constants in Eq. (10)
were determined by fitting the data in [23], as plotted in Fig. 7, and
estimated to be B� 5 and C� 2:6 with q0 � 1:35 � 105 W=m2 at
x=L� 0. Table 1 lists the geometrical parameters of the pin-fin heat
sink considered. The substrate has dimensions 560 (W) by 560 (L) by
6.35 (t) in millimeters, identical to those of the sandwich heat pipe
studied by Carbajal et al. [23].

With the thermal loading conditions fixed, amongst many other
design parameters listed above, themassflow rate of convectiveflow,
the thermal conductivity of heat-sink material, and the thickness of
the substrate are selected as variables in the case study to show the
applicability of the model in the design of heat sinks. Whilst the first
parameter is a typical factor influencing convective heat transfer from
pin-fin heat sink tofluid flow, the other two parameters affect (lateral)
conduction in the substrate playing a crucial role in the total thermal
resistance for power chip cooling with discrete nonuniform heating.

A. Effect of Convective Flow Rate and Solid Thermal Conductivity

To quantify the influence of flow rate on the thermal performance
of the pin-fin heat sink using the analogy model, the convective flow
rate is varied from 0:07 kg=s to 0:46 kg=s (equivalently, ReDh
ranging from 1 � 104 to 8 � 104), and it is assumed that the substrateFig. 6 Heat balance in a representative unit cell of pin-fin heat sink.
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and pin fins are made of aluminum (thermal conductivity ks�
237:3 W=mK).

The total thermal resistance Rtot, the spreading resistance Rs, the
material resistance Rm, the equivalent convective resistance Rconv,
and the resistance caused by fluid temperature riseRheat are plotted in
Fig. 8 as a function of the mass flow rate. The dashed lines represent
the results estimated by the numerical model, and the solid lines
denote those predicted by the present analogy model.

With excellent agreement shown in Fig. 8, the predictions by both
models show that the total thermal resistance is pronouncedly
decreased as the mass flow rate is increased. This indicates that the
local temperature on the substrate coinciding with the jet axis (i.e.,
impinging center) decreases with increasing the flow rate. With the
rate of heat transfer from the substrate to coolant flow increased such
as by increasing the flow rate, the heat concentrated on the substrate
at z� 0 tends to be transported via the thickness of the substrate to
z� t, rather than being spread laterally. As a consequence, the
spreading resistance is found to reduce as the mass flow rate is
increased, suggesting that the temperature distribution in the
substrate becomes more uniform. In sharp contrast, the material
resistance appears to be independent of the flow condition in the pin-
fin channel.

Increasing themassflow rate leads to increased equivalent endwall
heat transfer coefficient and decreased fluid temperature rise in the
pin-fin channel. Consequently, both the equivalent convective
resistance and the resistance caused by fluid temperature rise
decrease as observed in Fig. 8.

Consider next the effect of solid thermal conductivity ks on the
thermal resistances, Rtot, Rs, Rm, Rconv, and Rheat. Figure 9 plots the
thermal resistances as functions of ks at a fixed mass flow rate of
0:2322 kg=s (�ReDh � 4 � 104). Increasing the thermal conduc-
tivity decreases the overall thermal resistance, which is attributable
mainly to the decrease in the spreading resistance and partly to the
decrease in material and convective resistances. For a highly
conducting substrate such as aluminum or copper, the strong lateral
conduction in the substrate transfers more heat from the region near
the impinging center to the edge of the substrate (r� r0 or x� L=2
and y�W=2). As a result, the spreading resistance decreases with

increasing conductivity as the temperature distribution in the
substrate becomes more uniform.

The decreased material resistance (Rm) as ks is increased suggests
that the temperature drop through the substrate thickness,
Tb�z� 0� � Tb�z� t�, is reduced. The equivalent convective
resistance (Rconv) decreases as ks is increased till approximately
200 W=mK, beyond which Rconv becomes insensitive to ks. The
initial decrease in Rconv with increasing ks is due to increased fin
efficiency [see Eqs. (28) and (29)]: increase in equivalent endwall
heat transfer coefficient and subsequent decrease in equivalent
convective resistance.

Fig. 7 Nonuniform heat flux distribution employed in case study.

Table 1 Geometrical parameters of pin-fin heat sink
considered in case study

Substrate dimensions (W � L � t) 560 � 560 � 6:35 mm
Pin-fin height, H 51.3 mm
Pin-fin thickness, D 8 mm
Transverse/longitudinal fin pitch, ST=SL 18=18 mm
Transverse/longitudinal number of
pin fins, NT=NL

30/30
Fig. 8 Variations of Rtot, Rs, Rm, Rconv and Rheat with mass flow rate of

forced convective flow in pin-fin heat sink (ks � 237:3 W=mK).
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With both the heat input and mass flow rate fixed, the fluid
temperature rise in the pin-fin channel is also fixed, independent of
ks. Therefore, the resistance caused by the fluid temperature rise is
not a function of ks as indicated in Fig. 9.

As shown in Figs. 8 and 9, when comparing the results predicted
by the analogy model and the numerical model, the overall trends of
each individual thermal resistance are successfully predicted by the
analogy model with mass flow rate and solid conductivity varied in a
wide range. Quantitatively, the total thermal resistance is about 8%
underestimated compared with the numerical model. This is mainly
contributed to the underestimated spreading resistance Rs (�15%),
and each of the other individual resistances (includingRm,Rconv, and

Rheat) agrees well between the two models. The underestimation of
the spreading resistance is associated with the assumptions/
approximations made when deriving the spreading resistance. First,
the reference fluid temperature Tf;ave is assumed to be uniform
beneath the substrate, whereas it is actually distributed in the channel
with the in-plane distribution characterized by C-type isothermals
under nonuniform impingement heating [6]. The local fluid
temperature distribution will inversely influence the local temper-
ature distribution in the substrate and then the spreading resistance.
Second, the circular plate (2-D axisymmetric model) is used
replacing the rectangular plate (3-D model) when deriving Rs.
Finally, the local constriction resistance near each pin-fin end is
ignored in the analogy model; i.e., the temperature of the substrate
over unfinned surface is assumed the same as that over pin-fin root in
each pin-fin unit cell for the analogymodel; in contrast, the numerical
model is able to predict the detailed temperature distribution of the
substrate such as the thermal footprints of pin fins. Despite such
simplifications, the present thermal resistancemodel provides results
with acceptable accuracy, requiring no complex and exhaustive
calculations.

With the substrate thickness fixed (Table 1), the results of Figs. 8
and 9 also demonstrate that for a wide range of mass flow rate and
solid conductivity, the spreading resistance contributes as large as
40–56% to the total thermal resistance. Therefore, reducing the
spreading resistance is important if the total thermal resistance is to
be reduced.

B. Optimal Substrate Thickness

Besides solid conductivity, the thickness of the substrate is another
factor affecting the lateral spreading of heat in the substrate.
Increasing the substrate thickness widens the path for lateral heat
spreading, hence decreasing the spreading resistance; conversely, the
material resistance along the thickness direction increases with
increasing substrate thickness. As lateral heat spreading competes
with that conducted through the thickness direction, an optimal
substrate thickness minimizing substrate temperature at impinging
center should exist. In fact, for electronics cooling with discrete
nonuniform heating, the optimal substrate thickness is found to be of
the order of the chip size [14,25].

From the analysis in Sec. III, one finds that only the spreading
resistance and material resistance are changed as the substrate
thickness is varied, but not the equivalent convective resistance and
the thermal resistance caused by fluid temperature rise. Both the
spreading resistance andmaterial resistance are dependent upon heat
conduction in the substrate. The optimal thickness is found by
minimizing the sumof the two resistances (referred to as the substrate
resistance below):

Rsub � Rs � Rm (46)

Substituting Eqs. (20) and (22) into (46), one can write the
dimensionless substrate resistance as

�sub � ksr0Rsub �
�

�
��s (47)

which is a function of dimensionless substrate thickness, Biot
number, B, and C [see Eqs. (20) and (21)]: i.e.,

�sub � fn��; Bi; B;C� (48)

For the pin fins considered in Table 1, if these are made of
aluminum (ks � 237:3 W=mK), the equivalent endwall heat
transfer coefficient he varies from 300 W=m2 K to 1500 W=m2 K
as predicted with Eq. (30) when the forced air flow velocity varies
from 2 m=s to 20 m=s (ReDh from 1 � 104 to 1:2 � 105). The
equivalent radius of the substrate of the considered heat sink is
r0 � 0:316 m; hence, the corresponding Biot numberBi varies from
0.4 to 2. In some extreme cases, such as natural convection cooling
and two-phase convective boiling, the heat transfer coefficient he
may change dramatically, on the order of 10 W=m2 K for natural
convection and 10; 000 W=m2 K for phase-change heat transfer

Fig. 9 Variations of Rtot, Rs, Rm, Rconv, Rheat with solid thermal

conductivity at ReDh � 4 � 104.
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[26]; correspondingly, the Biot numbers for the two extreme cases
are about 0.01 and 13, respectively.

Figure 10 presents the dimensionless substrate resistance as a
function of dimensionless substrate thickness with B� 5 and C�
2:6 for a wide range of Biot numbers spanning from natural
convection via forced convection to two-phase boiling heat transfer.
As shown in Fig. 10, an optimal substrate thickness exists at
�� � 0:20, when Bi  2 for typical natural convection and forced
air convection cooling of pin fins. Lateral spreading of heat
dominates heat conduction in the substrate when the substrate
thickness is smaller than the optimal value, whereas the reverse holds
when the substrate thickness exceeds the optimal value. The results
of Fig. 10 demonstrate that the initial increase in substrate thickness
is sufficient to decrease the substrate resistance for relatively lowBiot
numbers, but the effect is increasingly diminished as the Biot number
is increased. This is because heat tends to flow directly through the
thickness direction, rather than spread out at relatively high Biot
numbers, as previously mentioned.

When the Biot number becomes sufficiently large (e.g., 13),
corresponding to phase-change cooling, the increase in substrate
thickness leads to the monotonic increasing of substrate resistance.
Practically, this indicates that, for example, for a flat sandwich heat
pipe [22,23] subjected to nonuniform flame impinging-jet heating
where phase-change heat transfer occurs at the evaporator substrate
(heated substrate), a thinner substrate is beneficial for obtaining a
lower temperature on the heated substrate. In this case, the substrate
acts as an insulator, the substrate resistance continuously increases as
the substrate thickness is increased, and hence no optimal substrate
thickness exists (Fig. 10). Note, however, that so far we have ignored
the strong influence of thickness on the structural properties of the
substrate which, obviously, cannot be arbitrarily thin if the substrate
is required to carry structural loading and to dissipate heat.

VI. Conclusions

The concept of thermal resistance analogy is employed to develop
an engineering-level analytical model for the complicated heat
transfer problem: pin-fin heat sink subjected to nonuniform flame
impinging-jet heating. The assumptions/approximations made in the
analogy model are verified by comparing model predictions with the
results obtained from an analytically developed numericalmodel that
is free from all the assumptions/approximations. The predicted
overall trends of the thermal resistances agree well with the
numerical model; quantitatively, the total thermal resistance is
underestimated, about 8% lower than that from the numerical model
over awide range of convectiveflow rate and thermal conductivity of
heat-sink material considered. Compared with tedious numerical

simulation, the simple analogy model is valuable for fast calculation
during the early stage of heat-sink design with acceptable accuracy.

In addition to increasing the material conductivity of the substrate
and its thickness, the spreading resistance can also be reduced by
increasing the rate of convective heat transfer from the substrate to
the fluid flow (e.g., by increasing the convective flow rate). In this
case, rather than being spread laterally, the concentrated heat on the
substrate at surface z� 0 tends to be transported in the thickness
direction of the substrate to surface z� t, where it is dissipated to the
convective coolant flow. It can be safely concluded that the spreading
effect diminishes as the convective heat transfer in the channel is
enhanced.

An optimal substrate thickness minimizing the temperature at the
impinging center is found to exist with all other parametersfixed. The
optimal substrate thickness is about a fifth of the equivalent radius of
the substrate, when the Biot number has a value less than 2
(corresponding to low heat transfer coefficient and high thermal
conductivity). When Bi > 2 (high heat transfer coefficient and low
conductivity), the substrate acts thermally as an insulator and its
thickness cannot be optimized.
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