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Extensional Waves in a
Sandwich Plate With
Interface Slip

The two-dimensional (2D) equations for thin elastic plates are used to study extensional
motions of a sandwich plate with weak interfaces. The interfaces are governed by the
shear-slip model that possesses interface elasticity and allows for a discontinuity of
the tangential displacements at the interfaces. Equations for the individual layers of the
sandwich plate are coupled by the interface conditions. Through a procedure initiated by
Mindlin, the layer equations can be written into equations for the collective motion of the
layers representing the extensional motion of the sandwich plate, and equations for the
relative motions of the layers with respect to each other representing the symmetric
thickness-shear motion of the sandwich plate. The use of plate equations results in
relatively simpler models compared to the equations of three-dimensional (3D) elasticity.
Solutions to a few useful problems are presented. These include the propagation of
straight-crested waves in an unbounded plate with weak interfaces, the reflection of
extensional waves at the joint between a perfectly bonded sandwich plate and a
sandwich plate with weak interfaces, and the vibration of a finite sandwich plate with
weak interfaces. [DOI: 10.1115/1.4029334]
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1 Introduction

Multilayered plates with interfaces among layers of different
materials are common structures in many engineering fields.
Many issues have been addressed about interface, including its
simulation in mixed concrete-steel beams [1], predicting of ther-
mal conductivity in composite materials [2], macroscopic analysis
of elasticity [3], micromechanical explanation [4], and so forth.
Very often a gluing substance, e.g., epoxy, is applied to the inter-
faces. In other cases, the molecules of neighboring materials inter-
penetrate into each other to form a bonding layer. In the simplest
mechanics description, an interface is treated as a geometric sur-
face where perfect bonding with continuous displacement and
traction is assumed. More realistically, an interface may be
viewed as a thin layer whose material properties are different
from those of the bulk materials meeting at the interface. Interfa-
ces at which some or all of the mechanical continuity conditions
are relaxed are called weak, nonrigidly bonded, or imperfectly
bonded interfaces. Researchers have developed imperfect inter-
face models with different levels of sophistication. Mechanical
properties and behaviors of weak interfaces described by different
models have been studied both experimentally [5—8] and theoreti-
cally [9-12]. Specifically, for dynamic problems relevant to the
present paper, wave propagation in unbounded domains [13-23]
and thickness vibrations of plates [24—27] have been analyzed for
various applications including material characterization, structural
strength consideration, acoustic wave sensors, and nondestructive
evaluation. Static and dynamic problems of composite beams with
weak interfaces were studied in Refs. [28-30]. More references
can be found in a review article [31].

Different from most of the previous analyses of plates with
weak interfaces, instead of using the exact 3D equations of
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elasticity or piezoelectricity, we use the approximate 2D equations
of elastic plates to study the extensional motion of an elastic sand-
wich plate symmetric about its middle plane with two weak inter-
faces. The specific way that we employ the 2D equations follows
a unique procedure developed by Mindlin [32]. It differs from the
2D approach by other researchers [9,33] in that Mindlin’s proce-
dure is based on 2D equations of individual layers. This procedure
involves combining 2D equations for individual layers through
interface continuity conditions. As a result, in addition to the 2D
equations for the motions of the layered plate as a whole, this pro-
cedure also leads to 2D equations for the motions of the individual
layers which can be used to calculate the interface stress distribu-
tions conveniently. Mindlin’s procedure was initially used for lay-
ered elastic plates [32] with perfectly bonded interfaces and was
later extended to layered elastic plates with intrinsic stresses [34]
and layered multiphysical plates [35—37] with perfect interfaces.

In this paper, we generalize Mindlin’s procedure from layered
plates with perfect interfaces to layered plates with weak interfa-
ces. The weak interfaces in our sandwich plate are governed by
the widely used shear-slip model [9,10]. In this model, an inter-
face has its own elasticity but not inertia. The traction is still con-
tinuous across the interface but the tangential displacements are
allowed to have a jump discontinuity. In Sec. 2, the equations and
interface conditions are presented. Sections 3—5 show solutions to
a few basic and useful problems including the propagation of
straight-crested waves, wave reflection and transmission at the
joint between a perfectly bonded sandwich plate and a sandwich
plate with weak interfaces, and vibration of a finite sandwich plate
with weak interfaces. A few interesting and useful results are
obtained and discussed.

2 2D Equations for a Sandwich Plate With Weak
Interfaces

Consider the thin sandwich plate in Fig. 1. x; and x3 are in the
middle plane. x; is along the plate normal. For convenience, we
call the middle layer the core, and the top and bottom layers films.
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Fig.1 A sandwich plate with weak interfaces

At this point, the two films may be different, with the parameters
of the top film indicated by a prime and those of the bottom film
by a double prime. Later, the two films will be made identical so
that the sandwich plate is symmetric about its middle plane to
ensure the existence of extensional motions symmetric about the
middle plane without bending. The 2D Cartesian tensor notation
is employed, with the summation convention for repeated indices.
A comma followed by an index denotes a partial derivative with
respect to the coordinate associated with the index. a, b, ¢, d range
over the in-plane indices of 1 and 3 but skip 2.

Consider the core of thickness 24 first. For extensional motions,
the in-plane components of the displacement vector are approxi-
mated by

Uo = g (xp,1), a,b=1,3 (M

The in-plane extensional and shear strain components are

Sap = = (ttap + tpa) ()

NSYRC

The in-plane stress resultants N, are obtained by integrating the
corresponding stress components T, through the plate thickness

h
Nah = J Tuhd}Q = Zhyyh(-dscd = 2hyahcdul',d (3)
—h

where we have inserted the 2D or plane-stress constitutive rela-
tions [32,38]. Y, are the 2D elastic constants for thin plates
[32,38]. They are obtained from the 3D elastic constants by the
stress relaxation condition To; = Ty, = T»3 = 0. The 2D stress
equations of motion are obtained by integrating the two in-plane
ones of the 3D equations of motion through the plate thickness,
with the following result:

Nava 4 Top|n — Top|—p = 2hpiiy, 4)

where T, and Top|—j, are the shear stresses at the top and bottom
surfaces of the core, or the interface shear stresses of the sandwich
plate. Substituting Eq. (3) into Eq. (4), we obtain the displacement
equation of motion for the core

20 gpeatte.da + Topln — Tap|—n = 2hpiip ©)

Fields associated with the upper and lower films are also
designated by primes and double primes, respectively. Then, cor-
responding to Egs. (2)—(5), the equations for the extensional
motion of the upper film are

1
w = 3 (g + 14,4 (6)
Nop = 21 ypeaSea = 2h/V;hcdu2,d @)
Nopa + Toplie = Topl - = 20 p'ii, ®
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28 et aa + Toplwe = Top| - = 21 p'ii, )

Similarly, for the lower film, we have

a = % (U + thq) (10)

Nay = 20" YapeaSea = 20" Vapeattc.a (an
Nava + Taplir = Tap | = 21" p" iy (12)
20" apeatte qa + Taplwr — Tyl = 20" p"iily (13)

According to the shear-slip interface model [9,10], the interface
shear stresses are related to the relative interface shear displace-
ments of the core and the films through

Tyl = Tapln = K' (), — up)

(14
Taylwr = Tap|-n = K" (u, — uy)
where K’ and K” are the interface shear elastic constants. We note
that in the more general case of anisotropic interfaces K’ and K"
should be two-by-two matrices. Substitution of Eq. (14) into Egs.
(5), (9), and (13) gives

2h) gpeatte.da + K' (), — up) — K" (u, — uy) = 2hpiiy, (15)
2h,y;bcdu£',da + T£b|h' - K,(u;) - ub) = 2]’[,,0,1;{.;7 (16)
gt o+ Kty — 1)) — Ty = 200", (17)

Equations (15)—(17) form a complete set of equations for the
extensional motions of the sandwich plate including the effects of
the weak interfaces. They are three vector equations for up, i,
and u). Since each layer has its own displacement vector, edge
conditions may be specified individually for each layer.

Equations (15)—(17) can be manipulated to produce mathemati-
cally more convenient or physically more revealing equations. For
example, if we add Egs. (15)—(17) together, we obtain

Noava + Tyl — Top |- = 2hpiiy + 21 p'iiy, + 21" p"iiy,  (18)
where we have denoted
Nzn :Nzn +N, +N”
L L ab ab , (19

= 2N gpeqUic.a + 2h/y;b<rdui:d + 2hHVthd”c‘d

N, represent the total extensional resultants over the cross section
of the sandwich plate. Equation (18) describes the motion of the
sandwich plate as a whole. It is convenient to use because it does
not have the interface stresses explicitly. However, Eq. (18) alone
does not represent a complete description of the sandwich plate
when there are weak interfaces. In the special case of perfect
bonding with u, = uj = up,, Eq. (18) reduces to the conventional
or classical extensional equation of a sandwich plate with per-
fectly bonded interfaces.

We now specialize the above equations to the case of identical
films in symmetric motions with u) = u}. In this case, only one of
Egs. (16) and (17) is needed. For example, Egs. (15) and (16) to-
gether form a complete description.

21’1}10;,“114(»,‘/“ + 2[(/(14;7 — u;,) = Zl’lpl;ih (20)

20 Y peqtle g — K (wy, — up) = 20 p'i, 21)

where we have dropped the surface load T%, |,y in Eq. (16) because
they will not be needed in the problems to be analyzed below.
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Equations (20) and (21) can be written into other forms for different
purposes. For example, from Eq. (20), we can write ), in terms of uy,

K'uy, = hpiiy, + K'up, — 1y gpeqlte.da (22)
or, from Eq. (21), uy, in terms of u),
K'up = 21 p'iiy, + K'uj) — 2h,y;bcdui~,da (23)

We can also add Eqgs. (20) and (21) to obtain a single equation for
the motion of the sandwich plate as a whole

hyuhcdu(?da + ZthizbzrdM::,da = hpuh + 2/’1,[),14;) (24)
Equation (24) with either Egs. (20) or (21) also gives a complete
description of the sandwich plate.

3 Wave Propagation in an Unbounded Plate

As the first example for the application of the equations in
Sec. 2, we consider the propagation of straight-crested waves in
the x; direction of an unbounded plate, i.e., uy = uj(xy,1),
uy =u(x1,t), and uz = uy = 0. In this case, Eqs. (24) and (21)
take the following form:

hyuy i1 + 2h'y'u | = hpity 4 2K p'ii 25)
K/Llll = hpiiy +K'u1 — hyuy

where

=7 Y =Y (26)
We note that the film displacement u} can be eliminated by substi-
tuting Eq. (25), into Eq. (25);, resulting in a fourth-order equation

for uy

(hy 4+ 20"y uy 11 — (hp + 21 p)iiy

hpiiy — hyiiy 1y hpiiy — hyuy 1 27)
— zh/p/( ) _ zh/,y/ 5
K’ K’ 1

Equation (27) differs from the conventional equation for the exten-
sion of a sandwich plate with perfect bonding by the two terms on
the right-hand side. They are associated with various fourth-order
derivatives and indicate dispersive waves. This is fundamentally dif-
ferent from the classical extensional waves. We note that the two
terms on the right-hand side of Eq. (27) disappear when K’ — oc.
We look for a propagating wave solution of Eq. (25) by letting

uy = Cexpi(wt — Exy), u)=Cexpi(wt—Exy) (28)
where C, C’, w, and ¢ are undetermined constants. Substitution of
Eq. (28) into Eq. (25) yields two linear homogeneous equations
for C and C’

(hpa* — hyE)C + (21 p'w® — 21y E)C" =0

(29)
(hpa* — hy&® —K')C+K'C' =0

For nontrivial solutions, the determinant of the coefficient matrix
of Eq. (29) has to vanish, i.e.,
(hp + 20 p") o> — (hy + 2K'7') &

—% [(hpa* — hpE) 2K p'o* =21y E) =0 (30)

which determines the dispersion relations of the waves described
by Eq. (28). Let
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20 / y !
o=, :p—7 c=,/% = y—,
p p p 31
how Y
Q=—, X=¢h, TI'=—
c b 517 K/h

Then Eq. (30) can be written into the following dimensionless form:
2 ” 2 2 2 2 ? 2
(1+aB)Q* — <l+oc,8c—2)X —Tap(@ -X )(Q -aX ) =0
(32)
In terms of éz(a)) (or w*(&)), Eq. (32) determines two branches of

dispersion relations denoted by ¢! () and ¢ (w). When & =0
or X = 0, Eq. (32) reduces to

(1+ap)Q* — TapQ* =0 (33)
Equation (33) has two roots
1+«
Q=0 Q= Faﬂﬁ or w; =0,
(34)
o (L, 1
i hp ' 20p

For perfect interface bonding, w, = oo.

We plot the two dispersion relations for real and pure imaginary
wave numbers in Fig. 2. For the case of perfect interface bonding
with I' = 0, there is only one branch going through the origin for
the classical extensional wave. When weak interfaces are present
and I" > 0O, there are two branches. One is close to the classical
extensional wave. The other has a finite intercept with the frequency
axis. These intercepts are called cutoff frequencies below which the
wave number becomes pure imaginary and the corresponding waves
cannot propagate. This branch corresponds to the so-called symmet-
ric thickness-shear wave in an elastic plate [38]. The appearance of
this second wave when there are weak interfaces is qualitatively dif-
ferent from a classical sandwich plate with perfect interfaces. When
K’ decreases or I increases, the interface bonding becomes weaker
and the frequencies of the waves become lower as expected.

Up to now, we have adopted the approximate 2D equations of
elastic plates, which first developed by Mindlin, to study the
extensional motion of an elastic sandwich plate symmetric about
its middle plane with two weak interfaces. This method is totally
different from most of the previous analyses described in the
Introduction. An additional mode that is caused by imperfect

iX X

Fig.2 Dispersion curves determined by Eq. (32)
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interface has been found using this method. In fact, the similar
phenomenon has been revealed recently in our publication [39] by
using of perturbation method, which can correct our results to
some extent. Maybe some other numerical integration methods
can be used to solve this problem, which will be explored in the
near future.

Corresponding to the two branches of dispersion relations, there
are two amplitude ratios determined by one of Eq. (29), e.g.,
Eq. (29),

¢ hpa? — hy(EV)? — K

0= —
b C K’
> £(2)2 (€
B — ¢ hpo® — () K
S c K

Then the general solution to Eq. (25) in the form of Eq. (28) can
be written as

ur | _ ) 1 )
{u,l}—C {[;(1)}exp1(wt 14 M)
1 . .
+ C(z){ ﬁ(z) }expz(a)t — g(z)xl)

where C" and C® are arbitrary constants. This will be useful in
Sec. 4.

(36)

4 Reflection and Transmission at a Joint

Next, we consider two semi-infinite sandwich plates joined to-
gether (see Fig. 3). The left half is perfectly bonded. The right
half has weak interfaces. We send an extensional wave from the
left end. When it reaches the joint, it feels the beginning of the
weak interfaces and gets reflected and transmitted. This is a basic
problem for nondestructive evaluation of structures. The reflected
and transmitted waves are affected by the beginning of the weak
interfaces and can be used to detect the presence and/or the loca-
tion of the weak interfaces.

The incoming wave is considered known and can be repre-
sented by

Transmitted
waves

Reflected Incoming

wave wave N "

<::' I:> II

>

4 Y
! . \

R4 N
I" Ay

Rigid interfaces

\

1

\
. \

Weak interfaces
Fig. 3 Joint between two semi-infinite sandwich plates

Equations (37) and (38) both satisfy the equation for a perfectly
bonded sandwich plate

(hy + 209 Yuy 11 = (hp + 21 p')iiy 39)
which implies that
(hy + 217" & = (hp + 20 ')’ (40)

There are two transmitted waves given by Eq. (36). At the joint
where x; =0, we have the following continuity conditions:

(41

E%uation (41) are three equations for determining B, C'”, and
C®?. Substitution of Egs. (36)—(38) into Eq. (41) yields

A+B=CcVc?

A+B= [g(l)c(l) + ﬁ(z)c(z)
(20 + 4178 — A) = —(2my + 4y p0) e 4D
__(2hy4_4h@/ﬁa>)éu>cu>

We are mainly interested in the reflected wave. From Eq. (42), we
obtain the reflection coefficient as

u = Aexpi(wt — &) (37)
. . . . B A

The reflected wave is to be determined and is written as e (43)

2

uy = Bexpi(wt + &) (38) where
(1 + ocnﬂ<2>>X(2) (1 + om/i(]))X“)
Al::<ﬁu> 1) - _,<ﬁa> > -
(14+oan)X (1+oan)X
(44
" (l +ou1/3<2))X(2) ) (1 +om[3(l))X(1)
A =4( ) 41 ( 1) S
: p (14 om)X MR (1 +an)X

and We plot B/A versus I for different frequencies in Fig. 4. Consider
a specific curve for one frequency first. The overall magnitude of
BJ/A is of the order of 1%. It is small but detectable. For small I",
X=F(h=0 1+oc[3’ X =¢Wp x® =@y =4y BIAis negative which indicates a phase change when the wave
L 4o gets reflected. For large I, B/A is positive. For one particular
5 > value of I', B/A is zero at which we have total transmission with-
,3(1) =1-T {Qz (X(”) }, [)’(2> =1-T {QZ - <X<2)) } out reflection. In the special case when I' = 0, there are no weak
interfaces. Therefore, B/A =0 and there are no reflected waves.
(45)  We are mainly interested in the case of slightly weakened
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Fig. 4 Reflection coefficient versus I' (x = 0.1, f = 2, and = 4.5)

interfaces with a small I'. In this case, the magnitude of B/A
increases essentially linearly with I', ideal for sensing the weak-
ness of the interfaces. For curves with higher frequencies, the
linear range becomes narrower.

5 Free Vibration of a Finite Plate

In this section, we consider the free vibration of a finite plate
with length 2L. The two edges are free. From Eqgs. (25), (3), and
(7), the eigenvalue problem is

hyuy a1 + 209U} 1y + hpo?uy + 20 p'o*uy =0, x| <L
K/MII = 7hp(,()2141 +K,I/t1 — hyul‘u, |X1| <L (46)
N1 :2]’1“/”1.1 :07 Xy ==*L
Ny =20Y'uy, =0, x ==L
2 n\? 2 2
- = I C)— |apQ” —an( -

Similar to the two dispersion relations determined by Eq. (32), for
each n, Eq. (51) determines two resonant frequencies. One is for
the essentially extensional mode with a relatively low frequency;
the other is for the essentially thickness-shear mode at a much
higher frequency. This is qualitatively different from the exten-
sional vibration of a perfectly bonded sandwich plate which only
has the extensional mode.

For finite sandwich plates, the interface shear stress often has
concentration near the plate edges which is important for struc-
tural strength consideration. With our formulation of the problem,
the interface stress under the top film can be conveniently
obtained from Eq. (14) as

Tyl w = Taln = K' (i — wy) = hpity — hyur 1 52)
= (% — hpa?)B, sin({,x1) exp(it)

We introduce a dimensionless shear stress through
Toih N (2n—1 \*
T,= =1+ —-Q
"B, L 2 "

For the case of the fundamental mode with n=0, we plot
the shear stress distributions corresponding to the essentially

. (2n—1 x ( t)
sin 5 nL exp(iw

(53)
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It can be easily verified that the following displacement fields
satisfy the edge conditions (46)3 4:

u = A, cos({,x)exp(ior)
u' = Al cos({,x1) exp(icwr)

nm
Cn:f7 n:07172,...

47)

which may be called antisymmetric modes. Similarly, symmetric
modes are given by

u = B, sin({,x1) exp(iot)
u' = B! sin({,x1) exp(ior)
2n+n

Cn:T7 n:O,l,Z,...

(48)

Equations (47) and (48) still need to satisfy Eq. (46);,. In the
following, we focus on the symmetric modes in Eq. (48) which,
when substituted into Eq. (46); », leads to:

(hpa?® — yC)B, + (20 p'w? — 21y 2)Bl, = 0

1 (49)
1- I (hpe* — hy(i)}B,, -B =0

The determinant of the coefficient matrix of Eq. (49) has to
vanish. This gives the frequency equation

— (hpa® —my(y) — (20 p'® =20y C) {l —% (hpo* —y(2) | =0
(50)
or
2 2
)ciHl—F 92—(2) ci”—o (51

extensional and the essentially thickness-shear modes in
Figs. 5(a) and 5(b), respectively. For both cases, the distributions
show concentration near the edges. We note that the shear stresses
in (a) and (b) differ by three orders of magnitude and therefore
need to be plotted separately. In the essentially extensional mode
in Fig. 5(a), the core and the films of the sandwich plate move to-
gether (in-phase) without much interface shear. In the essentially
thickness-shear mode, the core and the films move in opposite
directions (out of phase) with significant interface shear and there-
fore larger shear stress.

Figure 6 shows the effect of the interface shear stiffness on the
interface shear stress associated with the essentially thickness-
shear mode. Clearly, the stiffness has a strong effect as expected.
In the range of I" shown, the shear stress becomes smaller as I"
increases or when the interface stiffness decreases. Numerical
results show that the interface shear stress associated with the
essentially extensional mode is insensitive to I".

6 Shear-Horizontal Motion

For straight-crested waves propagating in the x; direction in a
sandwich plate governed by the equations in the present paper, in
addition to the extensional waves discussed in the above, there
also exist the so-called shear-horizontal or antiplane motions
described by uz = uz(xy,1), uy = u}(xy,1), and u; =y = 0. They
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are related to the so-called face-shear and thickness-twist waves
in the plate [38]. For these motions, Eqs. (24) and (21) take the
following form:

hyy33iu3, 1 + 20 33,65y, = hpiis + 20 p'il (54)

"y = hpiiz + K'uz — hyj33u3.11

05 0.0 05 1.0
X, /L

Fig. 6 Effect of interface stiffness on the interface shear stress
of the thickness-shear mode

031001-6 / Vol. 137, JUNE 2015

Equation (54) has the same mathematical structure as that of
Eq. (25). Therefore, the behaviors of face-shear and thickness-
twist waves are expected to be qualitatively similar to those of the
extensional and thickness-shear waves discussed in Sec. 3.

7 Conclusion

2D equations for extensional motions of individual layers are
combined to form a system of equations for a sandwich plate
incorporating the effects of shear-slip interfaces. The equations
exhibit a number of behaviors associated with the weak interfaces.
For dispersion relations of straight-crested waves in an unbounded
plate, in addition to the usual branch for extensional waves, there
exists a second branch due to the relative motion among different
layers of the plate. At the joint between two semi-infinite plates,
one is perfectly bonded and the other has weak interfaces, incom-
ing waves from the perfectly bonded plate are reflected at the joint
which can be used to detect the existence and the location of the
weak interfaces. For vibrations of finite plates, concentration of
the interface shear stress is found near the plate edges. Similar
behaviors are predicted for shear-horizontal motions in sandwich
plates with weak interfaces.
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