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Built upon the fractional order generalized thermoelasticity (FOGTE), which is based on ETE (extended
thermoelasticity), a fractional order generalized electro-magneto-thermo-elasticity (FOGEMTE) theory is
developed for anisotropic and linearly electro-magneto-thermo-elastic media by introducing the dy-
namic electro-magnetic fields, with various generalized thermoelasticity considered, such as ETE, TRDTE
(temperature rate dependent thermoelasticity), TEWOED (thermoelasticity without energy dissipation),

Iéeyworlqs" d elect couth TEWED (thermoelasticity with energy dissipation), DPLTE (dual-phase-lag thermoelasticity). The two
elzl;teirc?t;ze electro-magneto-thermo- temperature (thermodynamics and conductive temperature) model is also introduced. In addition, to

numerically deal with the multi-physics problems expressed by a series of partial differential equations
especially a fractional one, the corresponding variational principle based on the variational integral
method is proposed, and various degenerated variational theorems are presented. A generalized varia-
tional theorem is obtained for the unified theory by using the semi-inverse method. Finally, two ex-
amples are numerically validated, and concluding remarks are also given.

Variational theorem
Fractional calculus

© 2013 Elsevier Masson SAS. All rights reserved.

1. Introduction

The classical coupled theory of thermoelasticity (CTE) devel-
oped by Biot (1956) predicts an infinite speed of propagation for
thermal signals, which however contradicts physical facts
(Peshkov, 1944). To eliminate the paradox, a number of general-
ized theories involving a finite speed of heat conduction have been
proposed. The first of such theory is the extended thermoelasticity
theory (ETE) proposed by Lord and Shulman (1967) by introducing
one thermal relaxation time into the classical Fourier law of heat
conduction. Green and Lindsay (1972) proposed another theory by
modifying the stress—strain relationship as well as the entropy
relationship with relaxation time, which is known as the tem-
perature rate dependent thermoelasticity (TRDTE). Subsequently,
Green and Naghdi (1991, 1992, 1993) introduced the theory of
thermoelasticity without energy dissipation (TEWOED) and the
theory of thermoelasticity with energy dissipation (TEWED). There
exist also other generalized thermoelasticity theories such as the
two-temperature generalized thermoelasticity (TTGTE) (Youssef,
2006), the low-temperature thermoelasticity (Hetnarski and
Ignaczak, 1993, 1994), the dual-phase-lag thermoelasticity
(DPLTE) (Tzou, 1995), and the three-phase-lag thermoelasticity
(TPLTE) (Roychoudhuri, 2007).
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On a separate front, investigations concerning fractional de-
rivatives and fractional integrals have become increasingly impor-
tant as numerous models in the field of chemistry, physics,
aerodynamics, etc. are now expressed in terms of fractional order.
Whilst many theoretical studies concerning, e.g., the existence and
uniqueness of solution of fractional differential equations, have
been carried out (see, e.g., Bai and Lu, 2005; Deng and Ma, 2010; Su,
2009), numerical algorithms essential for dealing with engineering
problems in the context of fractional derivatives and fractional in-
tegrals have also been proposed (Diethelm et al., 2005).

There exist many materials and physical situations where clas-
sical and above-mentioned generalized thermoelasticity, breaks
down: low temperature regimes, amorphous media, colloids, glassy
and porous materials, man-made and biological materials or poly-
mers, transient loading, etc. In such cases, one may need to intro-
duce time-fractional calculus into thermoelasticity (Ignaczak and
Ostoja-Starzewski, 2010). Recently, upon introducing the Rie-
mann—Liouville fractional integral operator into the generalized law
of heat conduction, Youssef (2010a, 2010b) formulated the theory of
fractional order generalized thermoelasticity (FOGTE) and estab-
lished the corresponding variational principle. The theory is sub-
sequently employed to solve two-dimensional thermal shock
problems with Laplace and Fourier transforms (Youssef, 2012) as
well as half-space problems of elastic materials subjected to ramp-
type heating by using Laplace transform and state-space methods
(Youssef and Al-Lehaibi, 2010). Abouelregal (2011) also established a
model of fractional order generalized thermo-piezoelectricity and
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used it to solve one-dimensional boundary value problems for semi-
infinite piezoelectric media. It is noted that another fractional
generalized heat conduction law has also been proposed (Ezzat,
2011; Ezzat and Karamany, 2011a, 2011b, 2011¢; Sherief et al., 2010).

Recent development of materials science has enabled process-
ing of novel functional materials based on coupled properties of
multi-fields, attracting accordingly interests for multi-fields
coupling problems. For instance, Niraula and Noda (2010) derived
constitutive equations of electro-magneto-thermo-elasticity; Chen
et al. (2004) obtained general solutions for transversely isotropic
electro-magneto-thermo-elasticity using the operator theory,
which can be further simplified by using the generalized Almansi’s
theorem. However, due to the complexity of the governing equa-
tions involved, analytical solutions for multi-fields coupling prob-
lems are typically difficult to obtain, and hence various variational
principles have been proposed for the purpose of numerical cal-
culations (He, 2001, 2002; Wang et al., 2002, 2010).

Whilst a number of problems in generalized thermoelasticity
have been solved by different means such as the state space
method and integral transform technique, Tian et al. (2006) made a
breakthrough by directly solving the governing equations in time
domain using the finite element method (FEM). They successfully
predicted the delicate second sound effect of heat conduction,
which is difficult to model by other methods. FEM is an effective
way to address these problems, therefore the variational theorem
(or virtual work principle) as the foundation of FEM is of great
importance. To establish the variational theorem, the method of
variational integral is frequently employed (Liang et al., 2005) due
to its wide applicability. In addition, the semi-inverse method
proposed by He (1997) also proves to be convenient and effective.

It appears that the theory of fractional order generalized ther-
moelasticity coupled with electric and magnetic fields (in particular
fully dynamic multi-fields coupling) and the corresponding varia-
tional theorem have not been established. To address this defi-
ciency, in the present investigation, the theory of fractional order
generalized electro-magneto-thermoelasticity (FOGEMTE) for
anisotropic and linearly electro-magneto-thermo-elastic media is
developed by considering dynamic electric and magnetic fields. In
addition, Youssef's work (2010a, 2010b) is only based on the ETE
theory, while in this work the concept of fractional calculus is
extended into TRDTE, TEWOED, TEWED and DPL, of which a general
form is introduced during the formulation. The corresponding
variational theorem and generalized variational principle are also
presented, and some numerical examples are attached to validate
the proposed models.

2. General background

As an essential part of (generalized) thermoelasticity theory, the
theory of (generalized) heat transfer plays a significant role in the
investigation of thermoelasticity. In this section, we first summa-
rize the heat conduction law, including Fourier’s law and its
modified versions called generalized or hyperbolic heat conduction
law. Then, we formulated a unified form of heat conduction law,
which will be used in Section 3 to develop FOGEMTE.

In 1807, Fourier formulated the transient process of heat con-
duction in the form of partial differential equation, whereas the
unprecedented work was published until 1822. After publication,
the power and significance of Fourier’s work has been spread into
many fields besides heat transfer, such as electricity, chemical
diffusion, genetics, etc. In modern notation, the parabolic partial
differential equation may be written as:

kv20 = pcgf (1)

which can be obtained by eliminating q between the Fourier’s heat
conduction law (or HCL; in current notation):

and the equation for energy conservation
v-q = —pTo7 (3)

where k, 6, p, cg, q, To, n are the coefficient of thermal conductivity,
relative temperature, mass density, specific heat, heat flux vector,
reference temperature and entropy density, respectively. V is the
gradient operator. ¢ is related to the temperature T, as:

f=T-Tp (4)

Obviously, Eq. (1) has an unphysical feature that is the infinite
velocity of heat signals. To remove this, some nonclassical models
have been developed. The first of such model is often referred as
Cattaneo—Vernotte (CV) equation (HCL;) (Cattaneo, 1958; Vernotte,
19584, 1958b, 1961):

q+1q = —kvf (5)

where 7 is the relaxation time, specifically the time lag between the
temperature gradient and the resulting heat flux vector. The cor-
responding heat conduction equation reads as:

kv20 = pcg ({9+n'9) (6)

which predicts a finite velocity as vy = /k/pcgt.

As aforementioned in Section 1, Green and Naghdi (1991, 1992,
1993) formulated the theory of TEWOED and TEWED, but it is
needed to illustrate that the procedure used by Green and Naghdi is
significantly different from the conventional approach: the latter is
upon the equation of balance of energy and an entropy production
inequality, while the former is upon a reduced equation of balance
of energy as:

P = p(s+£) — Prk (7)

which was introduced in their early literature (Green and Naghdi,
1977). Later, some researchers (Mallik and Kanoria, 2008; Taheri
et al., 2005) considered TEWOED and TEWED with the conven-
tional approach and proposed another modified version of Fourier’s
law (here we refer to it as HCL3):

= —(kvé+ k'v0) (8)

which has turned out to be rational. In Eq. (8) k* is a material
constant characteristic. In his review, Chandrasekharaiah (1998)
also discussed the issue in detail. Eq. (8) has the form if k is iden-
tically zero, as:

q=-k'vo (9)

Joseph and Preziosi (1989) referred to the theory based on Eq.
(9) as inertial theory of heat conduction (HCL4). Actually, Eq. (9) is a
special form of Eq. (5) in the case that 7 tends to infinity while k/t is
finite.

Tzou (1995) proposed an alternative generalization of Fourier’s
law, as:

q(t+1q) = —kvo(t+ 19) (10)

where 74 is phase lag of the heat flux caused by the fast transient
effects of thermal inertia, while 14 is the phase lag of the
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temperature gradient due to microstructural interactions.
Expanding both sides of Eq. (10) by Taylor’s series, we obtain the
following heat conduction law:

q-+14q = —k<V0+rgV€) (11)

q -+ 7qq + 0.5t24 = —k(VG—f—rgvé’) (12)

Here and after, we refer to Eq. (11) as Dual-phase-lag model of
heat conduction (HCLs).

In summary, a unified form of heat conduction law may be
expressed, as:

wiq+ (Wt + W3)q = —W4kVl — Wsk*Vﬁ — Wskvté — W7’(T2V19
(13)

which can be degenerated into Fourier’s law and its modifications,
as shown in Table 1.

3. Governing equations and general theory

Thermoelasticity is a fusion of the theory of heat conduction and
elasticity, and in Section 2 we have reviewed the heat conduction
law and formulated a unified form of heat conduction law, which
will be utilized in this part to develop the unified theory of
FOGEMTE, with the dynamic electromagnetic theory and fractional
calculus introduced.

The equations of motion as well as charge and current conser-
vation may be written, as:

V-o+f = pu (14)
V-D-—p. =0 (15)
V-B=0 (16)

where o, D, B are the stress tensor, electric displacement vector,
and magnetic induction vector, respectively; f, p. are the body force
and electric charge density; p is the mass density; u is the elastic
displacement vector. Introducing the magnetic vector potential A,
one obtains from Eq. (16) that:

B=VxA (17)

The generalized forms of strain-displacement relations, electric
intensity and magnetic intensity are given by:

1 T
sfi(Vu—FVu) (18)
VxE = -B (19)
VxH=D+] (20)
Table 1

The heat conduction law and corresponding value of w;.

Eq. number w; w, w3 ws ws Wwg W Supplementary

conditions
HCL, 2 1 0 0 1 0 0 0
HCL, 5 1 1 0 1 0 0 0 =1
HCL; 8 0 0 1 0 1 1 0
HCL, 9 0 0 1 0 1 0 0
HCLs 11 1 1 0 1 0 0 1 T =T¢T2="Ty

where ¢, E, H, J are the strain, electric intensity, magnetic intensity
and current density, respectively.

Substituting (17) into (19) and introducing the electric potential
¢, one arrives at:

E=-Vo—A (21)

Analogy to Youssef (2010a), we introduce the Riemann—Liou-
ville fractional integral operator into the unified form of heat con-
duction law Eq. (13), as:

Wiq + (Watq +w3)q = —wakI*1v0 — wsk 1%~ 1v4
— WekI*~ V8 — wokty1*1vh (22)
where 6 is called conductive temperature to distinguish from the

thermodynamics temperature, and I indicates an integral operator
defined as (Podlubny, 1999; Mainardi and Gorenflo, 2000):

t
YO = g [ €0 e (23)
0

where I'(a) is the gamma function, 0 < « < 2, and

_ o

Pf(t) = f(0), 17°f(t) = 5af (0) (24)
In the absence of any inner heat source, the equation for energy

conservation is:

V-q = —pTo7 (25)

For anisotropic and linearly electro-magneto-thermo-elastic
media, the coupled constitutive relations may be described as
(Chen et al., 2006; Tian et al., 2007):

6 = ce — dE — bH — ¢° (¢ + wgt39) (26)
D = de+ oF + {H + P (9 + wg139) (27)
B = be + CE + BH + %B(9 + wgt3d) (28)
m = x“:s+xD-E+xB-H+%(0+WSf4&) (29)

where ¢, o, and B are the elastic, dielectric, magnetic permeability
coefficients, respectively; d, b, and ¢ are the piezoelectric, piezo-
magnetic and magneto-electric coefficients, respectively; x°, %P,
and XB are thermal modulus, pyroelectric and pyromagnetic con-
stants, respectively; 73 and 74 are the relaxation times in TRDTE, and
¢ is the thermodynamic temperature related to the conductive
temperature via:

& = 0 —woav?4 (30)

here, a is the two-temperature parameter.

As fundamental equations governing the force field, the electric
field, the magnetic field and the temperature field, Eqs. (14)—(30)
are deterministic, totalling 36 equations for 36 unknown vari-
ables. Substituting Eq. (26) into (14), and then considering Egs. (18)
and (21), one obtains the governing equation of the force field, as:
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v {0.5c<Vu+ VuT) —d(—V(p —A) —bH-%° {(‘9—W9‘16‘ii)

+WwgTs (9 —wgadii)] } +f=pu
(31)

Similarly, introducing (27) into (15) (or (28) into (16)) and
considering (18) and (21) leads to the governing equations of the
electric and magnetic fields, as:

v- {O.Sd (Vu + VuT> + a(qu; - A) +CH+ P {(5 — woat ;)

+ WgTs (6 - Wga&ﬁﬂ } —pe=0
(32)

V- {O.Sb(Vu + VuT> + Z(—Wp - A) +BH + %B [(9 — woat ;)

+wa (0 woai )| | = 0
(33)

The governing equation for the temperature field is obtained by
first combining (22), (24) and (25) and then introducing (29), as

TOB{O.SXG : (Vu + VuT> + %P (—V(p - A) +9B-H+ (pcg/To)

[0~ woat ) + wa (0~ woat )|}

= WakV20 + wsk V20 + wgkv20 + wokt, V20

(34)
where
RIS 60(+1
B =wigg+ (Wani +w3) ooy
It is difficult to eliminate H when deriving Eqs. (31)—(34), and

there is only one equation, i.e., Eq. (33), relating to the magnetic
vector potential A that has three components for the magnetic field.
Hence, equations (17) and (20) should be introduced as comple-
mentary equations. By considering Eqs. (18), (21) and (27), Eq. (20)
is rewritten as follows for coherence:

Vx H =0.5d(Via+ vit') + o vy A) + CH +

. . i} . (35)
X [(0 - w9a6’7i,-> + WgT3 (0 - Wgaﬂ,ii)} +]

Note that Eq. (17) indicates three equations, of which any two
are independent given Eq. (16).

In summary, there are eleven independent equations, i.e., Egs.
(17) and (31)—(35), corresponding to eleven unknown quantities,
i.e, u, ¢, A, H and 6, and all of these quantities can be determined
upon introducing boundary conditions and initial conditions. On
surfaces s1 and sy, the displacement and traction are given as:

u = u onsurface s;

o-n = F onsurface s; (36)

On surfaces s3 and sg4, the electric potential and surface charges
are expressed as:

@ onsurface s3

d on surface sy (37)

(p =
D-n
On surfaces s5 and sg, the boundary conditions are prescribed as:

A = A onsurface ss

VxH = h onsurface sg (38)

On surface s7 and sg, the temperature and heat flux are given as:

6 =8 onsurface s;
q-n = q onsurface sg

Note that, in the above boundary conditions,
S1 + S2 = S3 + S4 = S5 + S5 = S7 + Sg = S covers the total boundary
surface.

Thus far we have perfected the FOGTE theory, which is only
based on ETE, and developed the FOGEMTE theory by introducing
the dynamic electric and magnetic fields, with various generalized
thermoelasticity considered (see, e.g. ETE, TRDTE, TEWOED,
TEWED, DPLTE as shown in Table 2). In addition, the thermody-
namics temperature and conductive temperature are distinguished
if wg is set as 1.

4. Variational theorem

According to the formulation by Youssef (2010a), substituting
Eq. (36) into the statement of virtual external work:

/f oudy + /F ouds

and employmg the divergence theorem, and then considering Eqgs.
(14) and (18), one obtains the following force field:

/ o : dedv + / pit-budy — / f-dudy + / F-6uds (39)

v

This, together with Eq. (26) yields:

/{G: —dE —bH — ° [(0 - Wgavzﬂ) +WwgTs3 (9 - w9aV2(9)} }

- bedu + /pﬁ-audu: /f-éuvar /F-auds

v

(40)
Table 2
[llustration and degeneration of FOGEMTE theory.
Theory Based on Conditions
Generalized Law of heat w;=1 Fractional E-M field
thermoelasticity conduction order
FOGEMTE ETE HCL, i=124 Included  Included
TRDTE i=148
TEWOED HCL3 i=35
TEWED HCL4 i=3,56
DPLTE HCLs i=1247
If wg = 1, two-temperature (e.g. thermodynamics and conductive
temperature) models are included.
FOGTE ETE HCL, i=124 Included  Excluded
TRDTE i=148
TEWOED HCL; i=35
TEWED HCL4 i=3,56
DPLTE HCLs i=1.247
ETE HCL, i=124 Excluded Excluded
TRDTE i=148
TEWOED HCL; i=35
TEWED HCL,4 i=356
DPLTE HCLs i=1247
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from which one obtains:
/x"e:agdu:/cs:aadu_/cm;asdu_ /bH:éadv

+ / Zyx°V20: bedy— / 2,0 dedv
+/Z3X°V29:5£dv+ /pii~(5udu

~ /f-éuduf /F~6uds
v S¢

23 = WgWqT3d

where

Zy = woa, Zp = WgTs,

In view of Eqs. (15) and (37), using the variational integral

method, one arrives at:

_ /(V-D*Pe)5wdv+ / (D-n—d)dpds = 0 (42)

Sp

Integrating Eq. (42) by parts leads to:

/ D-6Vody + / pebody — / déods (43)
v v S
Substitution of Eq. (19) into Eq. (43) yields:
- / D-0Edv — / D-0Adv + / pebody = / dogds (44)
v v v Sp
Substitution of Eq. (27) into Eq. (44) yields:
—/{ds+aE+CH+xD[(H—wgaV20>+wgr3 (0—w9aV29)]}~6Edv

v

7/{d£+aE+§H+XD [<€7W9(1V2(9> T wgTs ([9—W9aV29>] } -6Adv

+/pe(5(pdv:/35<pds
v Sp

which can be rewritten as:

/XDe.(SEdU:7/dav6Edv—/aE-6Edvf/CH(SEdv

v +7Z1XDV20-;Edv— / szgé-éEdv
+V/Z3XDV29-6Edv— v/ds-é[\dv— /aE'éAdv
- v/CH-éAdv— / x"ﬁliéAvar / z:xsze.éAdv

—/szDé-éAdv+/ngnvzﬁ-éAdv

+ /peé(pdv— /aégods

v

(46)
Using the variational integral method one obtains from Egs. (17)
and (38) that:
—/(B—VxA)-(SHdv+ /(A—K).a(wﬂ)ds:o (47)
v Sa

Integrating (35) by parts results in:

_ /B-aﬂdw /A-é(v « Hydv — /Ra(v « H)ds 48)
'11 v Sa
Substitution of (20) into (48) leads to:
—/B-(SHvar/A-éde+/A~6jdv:/K-é(VxH)ds (49)
v v v Sa

Substitution of (27) and (28) into (49) leads to:

- /{bs +CE+PBH+ %B [(6’ - wgavzﬁ) +WgT3 ((9 - wgaV29>] } -6Hdv

/ Ad : Gedv + / Ao-OEdy + / AC-0Hdy + / A-Poidy — w / A-¢Padv2idy (50)

+wg /A ¥P1300dv — wgwq /’L’3A ¥wPadv2hdy + /A dJdv = /A 0(V x H)ds

which can be rearranged as:

/xsﬂﬁHdv:f/bs-éHdvf/CE(SHde/BH-&Hvar/Z]XBVZH-(SHdvf/.szBt'9~6Hdv+/ngBVZB-éHdU

+/Ad:5sdu+/Aa-asdu+/Ac.aﬁdw/A-xDaed%/zlA-xDavzedu+/22A~x05édy 51)

—/Z3A~XD6V2i9dv+/A~6jdv—/Ré(VXH)ds
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Following Youssef (2010a), the entropy flux S is introduced as:

q =TS (52)
In view of Eq. (52), Eq. (25) can be rewritten as:
pn = —VS (53)

Eliminating q between Eqgs. (22) and (52), one gets:

ToBS + WakVl + wsk V0 + wgkVl + wokt, VO = 0O (54)

Eliminating 7 in Eqgs. (29) and (53) yields:

VS = — % :e—yP-E—¥B-H— (pcg/To) [(0 - wgav20)
+ WgTy <9 - w9aV29>}
(57)
Substitution of Eq. (57) into (56) yields:

/ ,ToBS-0Sdv + /.Z4V(0(5$)du+ /Zﬁx":ésdvjt /'249XD-5Edy+ /'240XB-6Hdu+ /.24(ch/T0)0(56dv

- /'2124(ch/To)0av20du+ / Z4Z6(pce / To)Bo0dy — / 2477 (pcx / To)Ba62bdy + / Z5v6-68dv — 0

where
o aOHrl

0
B = Wi+ (Watg +w3)

ot otetl

By multiplying 6S; and integrating over the body, it is obtained
from Eq. (54) that:

/ (ToS + wakv8) + wsk' V0 + wekvi) + wske,v) -6Sdv = 0

Integrating (55) by parts leads to: (55)
/ TofS-6Sdu-+ / Z,9(668)dv— / 2,069Sdv+ / Z5V0-6Sdv =0
(56)
where

Z4 = W4k-|—W5k*7 Zs = k(wg +w71y)

(58)

where

ZG = WgTy, Z7 = WgWqTya

As the entropy flux S is introduced to derive the temperature
field, for clarity, the problem needs to be restated, as follows. With S
included, there are fourteen unknown quantities, and Eq. (57) is
taken as the additional complementary equations of governing
Equations (17) and (31)—(35). By considering Eqs. (18) and (21), Eq.
(57) is rewritten as:

VS = 0.5%C: (Vu+VuT> —%P. (fV(pfA> —BH— (pcg/Ty)0

+Zy(pce/To) V20 +Zy (pcg /To) 8+ Z3 (pcg / To) V26
(59)

In total, Egs. (31)—(35) and (59) represent fourteen governing
equations to be solved by considering boundary and initial
conditions.

Finally, introducing Eqs. (41), (46) and (51) into Eq. (58), one
obtains:

/,,Z4C£:6£dv7 / Z,dE: dec— / Z,bH: dedv+ /Z]Z4XGV20:(5£duf /.ZZZ4x“9:éadv+ /Z3Z4X"V25’:(5£dv

- / Z4de-0Edv — /ZwE-éEdv— / Z4CH-0Edv+ / Z1Z4Pv20-6Edv — /ZZZ4XD€-5ECIU+ /.2324XDV26~6Edv

- / Zyde-Adv— / Z,0E-6Adv— / Z,CH-6Adv— /Z4XD0~5Adv+ / Z1Z4xPv20-6Ady— / ZyZ4xP0-6Ady

+ / Z5Z4xPv20-6Ady— / Z4be- Hdv— / Z,CE-6Hdy— /zmH-aHdH / Z1Z4xBv26-6Hdy — / 2,74 6Hdv

+ / Z5Z4xBV20-SHdv+ /‘Z4Ad:63dv+ /24Aa~aizc1u+ /Z4AC~6Hdv+ /‘Z4A-XD6€du— / Z1Z4A-4Pov2idy

(60)

+ / 2,24 P6hdy— /Z3Z4A-XD5V29dv+ / Z4A-6)dv+ / ToBS-6Sdv+ / Z4(pCe ) To)006dly

- /Z]Z4(pCE/T0)06V2HdU+ /Z4Zs(pCE/T0)066dU7 /Z4Z7(pCE/T0)05V26dU+ /Z5V05$d1/= - /Z4pll6udl/

+ / Z,f-dudv+ / Z,F-6uds — / Zupebopdv+ / Z,d6pds + / ZA-6(V xH)ds— / 2,9(668)dv
(v 55 v éu SA (I/
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which represents the variational theorem of the FOGEMTE theory.
Several degenerated forms can be obtained by neglecting the cor-
responding terms. For instance, by neglecting the magnetic field in
Eq. (60), the variational principle of the fractional order generalized
electro-thermoelectricity can be expressed as:

T"ﬁ / S-Sdv (65)

oW = — /pﬁ-éudv+/f~6udv+ /F~6uds— /V(aas)du (66)

/Z4cs:5£dvf / Z,dE : dedv + /‘le4x“V20:6sdv— / Z,74%°0 - Gedv + /.Z3Z4x“V2[9:6sdu— /‘Z4ds~6Edv

_ / Z40E-0Edy + /.Z1Z4XDV20~6Edu— / Z,Z4xP6-6Edv + / Z5Z44Pv20- 6Edy + / ToBS- 6Sdv

+ /AZ4(pCE/T0)660du— /.2124(ch/T0)66V20dv+ /.Z4ZG(ch/T0)0(5€dv— /AZ4Z7(ch/TO)06V2{9dv

(61)

+ /zsvé.asdv: - / Z,pi-dudy + / Z,f-dudv + / Z,F-6uds — /Z4pe(3(pdv+ /.Z4aégodsf / Z,9(668)dv
v v v So v s v

Similarly, the variational principle of the fractional order
generalized magneto-thermo-elasticity can be obtained by

By removing the temperature field in Eq. (60), the variational
principle of electro-magneto-elasticity has the form:

/ Zyce : Oedv — / Z4dE : dedv — / Z4bH : dedv — / Zyde-0Edy — / Z40E-0Edv — / Z4CH-0Edv — / Zsde-0Ady — / Z4oE-0Ady

/ ZuCH-6Ady — / Zybe-0Hdy — / ZuCE-6Hdy — / Z,BH-SHdy + / ZAd : Sedv + / ZuAa-0Edy + / Z,AL-6Hdv

/ ZA-3)dv — / Zupia-dudy + / Z,f-dudv + / Z,F-duds — / Zupebodv + / Zudoods + / ZA-5(V x H)ds

removing the electric field in Eq. (60), whilst the variational theo-
rem of generalized thermoelasticity can be obtained by neglecting
both the electric field and the magnetic field.

Upon neglecting the electric field, the magnetic field and the
Riemann—Liouville  fractional integral  operator  when
w1 = Wy = Wy = 1, Eq. (60) can be further degenerated into the
variational theorem of FOGTE formulated by Youssef (2010a) for
isotropic elastic medium, as:

0U + 0P + 0R = oW (62)
where U, P, R and 6W are separately the strain energy of the elastic
medium, the heat potential (Naotak et al., 2003), the dissipation

function (Naotak et al., 2003), and the generalized virtual external
work, given by:

_ %/cz - edV (63)

2
2T0 / 6%d (64)

Whilst several special and useful variational principles have
been deduced based on Eq. (60), more specialized variational the-
orems can be obtained by choosing different values for
wi(i = 1,2,...,9) as shown in Table 1.

5. Generalized variational theorem

The variational theorem for the newly proposed FOGEMTE is
presented in Section 3. To provide a complete rationale for
formulating numerical methods of the new FOGEMTE theory, we
need to propose a generalized variational principle. In this section,
we aim to formulate such a principle by using the semi-inverse
method (He, 1997).

In 1964, Gurtin (1964) established dual-convolutional varia-
tional principles for elastic dynamics. Comparing with Hamilton-
type variational theorems, Gurtin-type ones may provide all the
characteristics of the initial boundary problems. But the dis-
cretization of Gurtin-type variational principle in time domain is
complex, which greatly limits its applications to various dynamic
problems. To avoid the Gurtin-type variational theorem, the time-
derivative term in the basic equations should be expressed as
(He, 2002):
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% — lﬂ(t) — 1//(tnfl)zwritten as _ V- ¢(n—1)

ot At At (68)

where ¥ indicates an arbitrary function, and At = t — t,_1 is the
equal step length. In view of (68), Egs. (20), (21), and (25)—(28) can
be rewritten sequentially as:

VxH=2D—2Zg+] (69)

E = -Vo—-2Z3A+Z (70)

V-qAt = —To (XGE + XDE + XBH> — pCEZﬂa + /)CEZ]sze + 713

(71)
6 = ce—dE — bH — Z14%°0 + Z15%°V?0 + Z1 (72)
D = de+ oF + {H + Z14%P0 — Z15%xP V20 + 247 (73)
B = be + {E + BH + Z14%B0 — Z15%BV20 + Zy5 (74)
where
Zg = é, Zy = éD(”’”, Zyo = éA(”‘”

1 1
Zn =T+ Weta, Zip = (1 +BW874)W9‘1

B 11 1 (n-1) 111
219(0<0£§1)*_24_1“(0[)&At1—a[_ }_ SF(a)&Aﬂ*“[_
11 1 &

AONINSCRY e
’Zﬁmamwi;(w ~vi" ) [+

'(n—l)}

1
Z13 = E [TgAf(XGE(nil) + XDE(nil) + XBH(”71)>

+ pegAtd ™Y — pepwgantv2g D
+ 2W8T3pCE0(n71) — W8T3,0CE(9(H72)

— 2W31'3pCEW9aV20(n71) - ngngEWQsze(niz)]

1 1
Z14 = 1+EW8T3, Zi5 = (1 +EW8T3)W9a

ZIG = Alt (nggxcﬁ(rP]) — W8'L'3XGW9(1V20<H71)>

1 _ _
217 = — ( — W8‘C3XDQ9(H D + Wg‘L’3XDWgaV26(n ])>

At

1 - ,
Zig = Kt ( — W8T3X80(n R +W8T3XBWQGV20(H ”)

When 0 < § < 1, Caputo definition of time fractional derivative
gives:

DOf() = — /af(tfr) “dr (75)

M) ) o

Replacing the integral term in (75) with a summation, and
approximating the first-order time derivative by first-order back-
ward difference, one l’laS'

n

DAf(t) = 3 5 > af H(t—1)" bde

x (n—i+1)1*5—(n—i)1ﬂ (76)

In view of Eq. (75), Eq. (22) (O<a < 1) has the alternative form:

. 7 Zs
Wid -+ (W2 +ws)q + ozI‘(oc)Aﬂ*"‘w9 + aF(a)AtlﬂVﬁ

= Z19(0<a<1) (77)

where

11 1 ¢l

~AT(@at" aZ[Vﬁ“ —vi V] [-ir )T -

1 7(nii)a—1]

In view of Eq. (68), Eq. (77) can be further expressed as:

Z30(0<a<1)d + Z21(0<a<1) V8 = Zz0<a<1) (78)
where
Zy0(0<a<1) = (Atwy +WaTy +W3),  Zp1(0<a<)

o AtZy +Z5 1 1

- T(ae) aAfl-«

Zy0<a<1) = AtZyg + (Wo1q + w3)q ™!

ZS 11 (n-1)
+F(a)aAt1 alv 2}

When 1 < « < 2, Eq. (22) may be written:
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wiD* 1q+ (Waty +w3)D*1q = —~wakV0 — wsk V0 — wekvi

— W7k’L'2V!9
(79)
Considering Eq. (76), one obtains:
wq WyT1 + W3 . P
Z4N0 +ZsVio
T2-a)2-—ar TV T a2 _ape 19724V 45
= Z19(1<e<2)
(80)
where

1 1 1

e—0.5vu—0.5vu’ + oF _ 0 (85)
00

To satisfy Eq. (18), one has:

OF
2 -0
0
which indicates that F is not related to ¢ and its derivatives.

The stationary condition for & appearing in Eq. (83) can be
expressed as:

OF
(;Jréfg =0 (86)

1 1

_ -1
Z19(1<a<2) “WITZ @2 —aApE T [* q" )] + (Wary +W3)F(2

1

W) 2 —ahre [-a""]

w 1 1 "i:l{ G _ (H)] [(n—i-q—l)“’] _ (n—i)""l]
T2-w2—adet 21 71

1 1 1
(2 —-a)2 — aAte-1

— (Warq +W3)1"

In view of (68), Eq. (80) has the form:
Zyo(1<a<2)q + Z21(1<a<2) V0 = Zz(1<a<2) (81)
where

7 _ Atwy + Wyt + W3
20(1=e<2) = P = 0)(2 — a)Ara T’

Zr1(1<a<2) = AtZ4 +Zs5

WrT1 +Ws3

— a4 200"

Zyr(1<a<2) = AtZyg + T2
For convenience, the general form of Egs. (78) and (81),

Z0q +2Z31V0 = Zyp (82)
will be used in the following.
An energy-like trial functional with thirty-six independent

variables, i.e., (o,¢,u,0,q,D,E,0,B,H,A), can be established as:

tm

J(6,6,u,0,q,D,E, 0,B,H,A) — / Ldvdt + IB (83)
tn-1) v

where

L-o: (a— 0.5Vu — 0.SVuT) +F (84)
3 tm

=Y [ [Gasat
=1 5

in which F and G{i = 1,2,...,10) are unknown functions to be

determined below.
The stationary condition with respect to ¢ in Eq. (83) has the
form:

[q(i) -~ q(i—l)] [(n iy 1)0471 —(n— i)a—l]
i=1

In view of Eq. (72), one obtains:
F—ce: ( —0.5ce + dE + bH + Z14%50 — Z15%°V20 — 216) +F
(87)
Introducing (87) into (84) leads to:

L=0:(e~0.5Vu—0.5vu")
+e: (_0.5cs+dE+bH+Zl4X60—215XGV20_216) +h
(88)

The trial Euler equation for u in Eq. (83) can be written as:

oF,

Upon setting:
F; = f-u+0.5pa-u+F (90)
one finds that Eq. (89) satisfies Eq. (14). Substitution of (90) into
(88) results in:
L=o:(e-05vu-0.5vu")
Te (—0.5cs+dE+bH+Z14x“0—Z15XGV20—Z16) (91)
+f-u+0.5pu-u+F,
The stationary condition with respect to f in (83) is:

OF:
Zl4€:X6+6_62 =0

Considering Eq. (71), one obtains:

Fy = T% [ZMAth 1 ToZ1a (XDE B ~H)

1
— pCeZ12Z14V20 — 213214} - mPCEZnZ]492 +F3
(92)
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Combination of (91) and (92) yields: Introducing (97) into (95), one obtains:

L-o: [s — O.5<Vu + VuT)] te: ( —0.5¢¢ + dE + bH + Z14%°0 — Z153°V20 — Zu;) +05p0-0+fu

4 D B 2 1 2 (93)
+ = [214Ath + ToZ14 (X ‘E4+ % 'H> — peeZ12Z14V°0 — Z13214] — 57— PCeZ11Z140” + F3
To 2T
L-o: (s —0.5Vu - o.sz) te: ( — 0.5¢ + dE + bH + Z14°0 — Z;59°V20 — zm) +fu+ 05000
0 1
1 [214Aqu +ToZ14 (XD ‘E+ XB’H) — pCeZ12Z14V20 — 213214] - TTOPCEZHZMez (98)
ZZ”A“‘ (—0.5Z50q +Z23) — D-E + 0.50E-E + E-CH — Z;5E-4PV?0 + E-Z17 + F5
21T
The trial Euler equation for q in (83) has the form: The trial Euler equation with respect to D in (83) can be
expressed as:
Zubtg, OF o
To oq 0Fs
—E+ D =0
In view of Eq. (82), one has:
Together with Eq. (70), it follows that:
Fy = 21489 057 q+Zs) +F (94)
> ZnTo e200 7 E22) 7 Fs = —-D-Vo — ZgD-A +D-Zyg + Fg (99)
Substitution of (94) into (93) leads to: Substituting (99) into (98), one has:

L-o: (s —0.5Vu— OASVuT) te: (7 0.5ce + dE + bH + Z14%°0 — Z15%° V20 7216) +fu+05pun

1 Zy4At (95)
T, ——pCeZ11Z140% + Z]; Toq'( —0.5230q +Z3;) + F4

0
+ To [214““1 +ToZ14 (XD ‘E+ P ‘H) — pCeZ12Z14V20 — 213214}

L-o: (s —0.5Vu — o.SVuT) te: ( —0.5¢e + dE + bH + Z14%°0 — Z15%° V20 — zm) +fu+ 050

0 1
1 [214Ath + ToZ14 (XD'E + B 'H> — pCeZ12Z14V20 — Z13214] - ﬁchZ“ZM&z (100)
Z A
zM 9 052,00+ Zy3) — D-E+ 0.54E-E + E-CH — ZysE-%PV20 + E-Zy7 — D-Vop — ZgD-A + D-Zyg + F
21T
The stationary condition for E can be written as: The stationary condition with respect to ¢ in (83) has the form:
OF4
ed + 0Z14%P + <= SE =0 (96) v.p4+ %6 0Fs _ 0

0o

Combining (73) and (96) leads to: In view of Eq. (15), one gets:

F4 = —D-E+0.50E-E + E-CH — Z;5E-xPV?0 + E-Z47 + F5 Fs = —pop + F
(97)
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from which one has:
L=o: (s —0.5Vu— O.SVuT)
+é&: ( - O.5C€+dE+bH+Zl4X60 —Z15XGV29 — Z15) +f-u

0
+0. 5pu U+T {214Ath+T0214<X E+XB H)

1
— pCceZ12Z14V 0—213214] —Z—TOPCEZnZMH

121488 oy Q4+ Zay) — D-E+0.54E-E -+ E-CH
Tty
—Z15E-%PV20 +E-Zy7 —D-Vo — ZgD-A+D-Z19 — peo + F7
(101)
The trial Euler equation for H in (83) reads:
6F7
£b+HZ14X +E<+ =0 (102)
Combination of (74) and (102) yields:
F; = —H-B+0.5H-BH — Z;5H-¢Bv20 + H-Z5 + Fg (103)

Introducing (103) into (101), one has:

L=o: (s —0.5Vu— 0.5VuT>
te (— 0.5ce + dE + bH + Z14°0 —zlsx“v20—2m> +fu

0
+0.5p-t 4 [ZMAth—s—TOZM(X ‘E+%B- H)

1
— pCeZ12Z14V%0 *213214] — 5 pCeZ11Z1a0°
2Ty

Z14Atq
Jr

ZnTo
—Z15E-yPV20 +E-Zy7 —D-Vo —ZgD-A+D-Z1y — peo
—H-B+0.5H-BH — Z;5H-BV20 + H-Z15 + Fg

{(— 057500 + Zy) - D-E+ 0.50E-E 1 E-(H

(104)

The stationary condition with respect to A can be written as:

In view of (69), one has:

Fg = (VxH)-A+Zg-A—]J-A

from which one gets:

L=o:(e—05vu—-05vu’) +&: (-

+T% [ZMAth + T(]Z14 (XD -E + XB . H)

Applying Green'’s theory on the boundary, one has:

bu: —on+% =0

0

. aG,

. 9G;
00 : 5

=0

oD : %

=
=]
Il

(106)
0A % — 0

oH :

>
|
X
+
23
I
o

00:% =0

. ZiaZst' oG, _
0q: —4Zton+ 5 = 0

Considering the boundary equations on si(i = 1,2,...,8), one
obtains from (106) that:

Gy =onu-u), G =Fu G3 =Dnp-—9)

Gy = dp, Gs = A(VXH—H), Gs = A(V x H) (107)

Z14zzo t
InToy

G =243 0(qn—7q), Gg=

2]0

q-nd

Finally, substitution of (105), (107) into (83
generalized variational principle of FOGEMTE.

Note that several specialized variational theorems can be ob-
tained from the present generalized variational principle by
introducing suitable constraints. For typical example, if Eq. (18) is
taken as the constraint, Eq. (105) simplifies to:

) leads to the

L —¢: (— 0.5ce + dE + bH + Z14°0 — Z15%°V20 — Zw)
0
+fu 05000+ - [ZMAthJrTOZM(XD~E+XB-H>

1
— pCpZ12Z14V20 — Z132141} - Z_-IprEZHZMHZ

Z14Atq
Z51Tg
7215E-XDV20+E~Z17 —D-Vo —ZgD-A+D-Zy9 — peg
—H-B+0.5H-BH — Z;5H-¢BVv20 + H-Z15(V x H)-A

+Zg-A—-J-A

\(— 0.5Z30Q + Zgz) — D-E + 0.54E-E + E-CH

(108)

Then, Equations (83), (107), and (108) represent the newly
degenerated variational theorem.

— pCeZ12214V%0 — Z13Z14) —

0.5ce + dE + bH + Z14(°%0 — Z15%°V?0 — Z46) +f-u + 0.5pu-u

- 0CeZ11 21487 + 54259+ (— 0.5220 + Zpp) — D-E + 0.50EE

+E-CH — ZysE-%PV20 + E-Z17 —D-Vo — ZgD-A+D-Z19 — pe¢o — H-B+ 0.5H-BH — Z;5H-Bv20 + H-Z13(V x H)-A+ Zg-A — ]-A

(105)
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6. Numerical examples

In the previous sections, a unified form of FOGEMTE is intro-
duced, and it may be reduced into FOGTE when the electro-
magnetic effect is neglected, while the FOGTE can be considered
as a summary of reported fractional theories based on ETE, TEW-
OED, TEWED, and DPL (Youssef, 2010a, 2012; Youssef and Al-
Lehaibi, 2010; Abouelregal, 2011; Sur and Kanoria, 2012; Ezzat
et al., 2012). In addition, to give a general view of FOGEMTE and
provide a further understanding of the problem, the corresponding
variational principles are proposed in both variational integral
method and semi-inverse method. It is noted that FOGTE based on
TRDTE is never reported and is introduced in this contribution for
the first time.

In this section, our focuses are placed on the effect of fractional
order « on the distribution of the response when the material
(thermo-elastic or electro-thermo-elastic) is imposed a sudden
heating. In the numerical simulations, the Laplace transformation is
implemented, and the adopted model is based on TRDTE. The re-
sults are presented graphically.

6.1. A slim strip problem of thermo-elastic material

The equations of FOGTE based on TRDTE are restated as
following:

gjij = ply, qi; = —pTom (109)

Uij = Cijklgkl — XZ(!Q + T3e> (110)
PCE ;

pn=x§}eg+T—0(0+r4€) (111)

g = —1'kvl, & = 0.5(u;; +u;) (112)

Considering a one-dimensional problem of an isotropic thermo-
elastic material, the constitutive Equations (110) and (111) are
simplified, as:

ou P
- (/\+2u)&—7(0+r3ﬁ) (113)
_ e P g (114)
= vd—+ E (64 740)

where A and u are Lame’s constants, A=(31 + 2u)a; and o, is the
linear thermal expansion coefficient, u = u(x,t) is the one-
dimensional displacement. Then, one obtains from Egs. (109),
(112)—(114):

d’u dé d?s d’u
(A+20) gz =7 (dx*”dxdt) T (115)

d?u dg  d%f w1, d%0
YTogyar + P (dt + T4dt2> ke (116)

For convenience, the following dimensionless quantities are
introduced:

-~ M . 0 5 0
(X7u,¢):n1n2(x7u7(p), (t,f},f4)=n%n2(t7f37f4), Uij:ﬁa HZTO
(117)

where n; = /(A+2uw)/p,

(113) may be rewritten, as:

ny, = (pcg)/k. Egs. (115), (116) and

Table 3
Material constants needed in numerical simulation (copper).
A 77.6 GPa o 1.78e — 5 m/K Ce 381 J/(kg K) T3 0.05
N 38.6 GPa P 8945 kg/m> To 293 K T4 0.05
2 2 2
2d de d-d N zd u
L) (dx*“dxdr = ae (118)
du do d%0 , ,d%*0
Saxdt Tdt T Mae T @e (119)
2611 .
ox = f75 —b(0+136) (120)
in which, % = (A+2u)/u, b = ~Ty/u, g = v/kny, and the

caps of dimensionless quantities have been left out for brevity. The
initial and boundary conditions are given, as:

u(x,t) = u(x,t) =0 att=0
O(x,t) = 0(x,t) =0 att =0
O(x,t) = H(t) atx =0

ox,t) =0 atx =20
u(x,t) -0 as x— o,
O(x,t)—>0 as x— o,

(121)

t>0
t>0

which means the strip is prescribed a quiescent initial state with its
boundary x = 0 free of stress and subjected to a sudden heating.
H(t) is the Heaviside unit step function. The copper material is
chosen for numerical evaluation, and the constants are shown in
Table 3.

Fig. 1 shows the time history of the temperatures at the point
x =0.1. When « = 1 the FOGTE is reduced to TRDTE, the results are
compared with that from Tian et al. (2006), and a perfect coinci-
dence is obtained. It is found that the smaller the fractional order,
the larger the velocity of the thermal signal. That is to say, the
temperatures of the point rise earlier when the fractional order is
small, as shown in Fig. 1. In addition, a small fractional order
smoothes the curve of time history of the temperatures (the jump
as shown when a = 1 is eliminated), and for a longer time the
temperature distributions coincide under different fractional
order.
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Fig. 1. Time history of the normalized temperature at x = 0.1 under different a.
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Fig. 2. The distributions of the normalized temperature along x at t = 0.08 under
different a.

Fig. 2 shows the distributions of temperature along x at t = 0.08
under different «. As shown in Fig. 2, TRDTE (« = 1) results in a
jump atx =0.358 (x = 1/,/74 x t), which is called the wave front of
thermal wave, and the results are better than that from Tian et al.
(2006) as the front of thermal wave is more apparent. It is also
found that the smaller the fractional order «, the farthest the
thermal signals arrive at (which is indicated by the arrows depicted
in Fig. 2.), which agrees with the conclusion made from Fig. 1. In
addition, variations of the temperatures for a small « are smoother
than for a lager one.

Fig. 3 is the distributions of displacement along x at t = 0.08
under different «. From Fig. 3, it is concluded that the displace-
ments have great changes at points A and B. Point A is the position

the elastic wave arrives at (x = 1/(8%/6%)*t = 0.08), while the
second one (B) depicts the wave front of thermal wave. More
importantly, the fractional order can smooth the lager variation at
B, but has no effect on the first one (at A). This is rational because
the fractional calculus is introduced into the governing equation of
the thermal field, see Eq. (119). In addition, we find that the frac-
tional order may reduce the displacement slightly.

To distinguish the displacement induced by elastic and thermal
field for FOGTE based on TRDTE (« = 1), the lagging time 14 is set as
1/4, 4/9, 16/9, 4 to obtain the thermal wave propagating faster or
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Fig. 3. The distributions of the normalized displacement along x at t = 0.08 under
different o.
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Fig. 4. The distributions of the normalized displacement along x at t = 0.08 for
different 74 (@ = 1).

slower than the elastic wave, the corresponding velocities are 2, 1.5,
0.75, 0.5 (see Eq. (119)), respectively. While the velocity of elastic
wave is always 1 obtained from Eq. (118). The numerical results are
presented in Fig. 4.

In Fig. 4 the front of elastic wave is depicted by the black arrow,
while the fronts of thermal wave for different 74 are shown by the
corresponding coloured arrows (in the web version). For 74 = 16/9
(4), because the thermal waves arrive at points B (A), it is concluded
that the displacement between B (A) and C is induced by the elastic
field. In addition, the displacement induced by elastic wave is al-
ways 0 after the point C, as a result, the displacement between C
and D (E) is contributed by the thermal wave for 14 = 4/9 (1/4). In
addition, the great changes at point C are the result of elastic wave
because it is the front of elastic wave depicted by black arrow, while
the lager variations at point A, B, D and E, where the front of
thermal wave arrives at, comes from the thermal field.

6.2. A slim strip problem of electro-thermo-elastic material

In this subsection, we consider the response of electro-thermo-
elastic material, when subjected to a sudden heating. The equations
for one-dimensional case, read:

Gxx = —pTp7n, Dxx =0

ox = c%—dE—y(ﬂ-i-rﬁ), m = yg—g+e5+%<0+r4€)

oxx = pil,

Dy = d%+p5+e(0+‘539>, Ex = —¢x,

& = uﬁx

qx = —1% 1kl 4,

(122)

where ¢, d, p and e are elastic, piezoelectric, dielectric and pyro-
electric constants. Considering the following dimensionless
quantities (X, 1, ¢) = niny(x, U, ), (t,73,74) = n%nz(t,t3,r4),
G = 0/, 6 = 0/Tp, the governing equations may be rewritten
as (the caps are dismissed for brevity):

Table 4
Material constants needed in numerical simulation (cadmium selenide).

c  83.6e9 Pa v 0551e6NK'm™2 e e=-294e—-6CK 'm™2

d 0347Cm™2 p 7600 kg/m? p p=903e—12CN'm?2
e 420]/(kgK) 13 0.5 u  30.6e9 Pa
To 293K 74 005
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Fig. 5. The distributions of the normalized temperature along x at t = 0.08 under
different a.

2d%u d’e df d?0\ _ p2d*u
B R +Ead — by + Bdear) = 0 ad

& & de 20\ _
dd_;_pd—,;uero(wfgm) -0 (123)
d? o | df d?0 _ ja—1d%9
Saai —hadi +ar T tage = I &
where % = (A+2u)/u, £ =d/u, b =1To/u, g = v/kn,
h =e/pce, n; = +/(A+2u)/p, ny = pcg/k. The numerical

simulation is devoted to cadmium selenide material (see Table 4).
The results are presented in following.

As shown in Figs. 5 and 6, the distributions of the temperatures
and the displacements are same as that obtained for the thermo-
elastic material, and the fractional order also has alike effect on
them. Fig. 7 is presented to illustrate the induced electrical po-
tential when the material is imposed a sudden heating, and comes
to the conclusion that there are also two changes at the front of
elastic and thermal wave, and that the fractional order may in-
crease the electrical potential. In addition, the fractional order
smoothes the curve of potential around the front of thermal wave,
but it has little on the first changes around the front of elastic
wave.
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Fig. 6. The distributions of the normalized displacement along x at t = 0.08 under
different a.
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Fig. 7. The distributions of the normalized electric potential along x at t = 0.08 under
different a.

7. Conclusion

A fractional order generalized electro-magneto-thermo-
elasticity (FOGEMTE) theory is developed for anisotropic and line-
arly electro-magneto-thermo-elastic media by introducing the dy-
namic electro-magnetic fields. To further generalize the newly
developed theory, the general form of several generalized thermo-
elastic theories, such as the extended thermoelasticity (ETE), tem-
perature rate dependent thermoelasticity (TRDTE), thermoelasticity
without energy dissipation (TEWOED), thermoelasticity with en-
ergy dissipation (TEWED), and dual-phase-lag thermoelasticity
(DPLTE), is introduced. The variational principle of the FOGEMTE
theory is formulated using the variational integral method, which
can be degenerated to several existing variational theorems. A
generalized variational theorem for the FOGEMTE theory is devel-
oped with the semi-inverse method. Finally, two numerical exam-
ples are given, and the numerical results shows that the fractional
order has great effect on the response, and, importantly, it may
smooth the lager changes for the response when material is imposed
a sudden heating, which is commonly existed in modern engineer-
ing. Considering the great effect, fractional theories may have a wide
application in future engineering practice, such as: low temperature
regimes, amorphous media, colloids, glassy and porous materials,
man-made and biological materials or polymers, transient loading.
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