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Built upon the fractional order generalized thermoelasticity (FOGTE), which is based on ETE (extended
thermoelasticity), a fractional order generalized electro-magneto-thermo-elasticity (FOGEMTE) theory is
developed for anisotropic and linearly electro-magneto-thermo-elastic media by introducing the dy-
namic electro-magnetic fields, with various generalized thermoelasticity considered, such as ETE, TRDTE
(temperature rate dependent thermoelasticity), TEWOED (thermoelasticity without energy dissipation),
TEWED (thermoelasticity with energy dissipation), DPLTE (dual-phase-lag thermoelasticity). The two
temperature (thermodynamics and conductive temperature) model is also introduced. In addition, to
numerically deal with the multi-physics problems expressed by a series of partial differential equations
especially a fractional one, the corresponding variational principle based on the variational integral
method is proposed, and various degenerated variational theorems are presented. A generalized varia-
tional theorem is obtained for the unified theory by using the semi-inverse method. Finally, two ex-
amples are numerically validated, and concluding remarks are also given.

� 2013 Elsevier Masson SAS. All rights reserved.
1. Introduction

The classical coupled theory of thermoelasticity (CTE) devel-
oped by Biot (1956) predicts an infinite speed of propagation for
thermal signals, which however contradicts physical facts
(Peshkov, 1944). To eliminate the paradox, a number of general-
ized theories involving a finite speed of heat conduction have been
proposed. The first of such theory is the extended thermoelasticity
theory (ETE) proposed by Lord and Shulman (1967) by introducing
one thermal relaxation time into the classical Fourier law of heat
conduction. Green and Lindsay (1972) proposed another theory by
modifying the stressestrain relationship as well as the entropy
relationship with relaxation time, which is known as the tem-
perature rate dependent thermoelasticity (TRDTE). Subsequently,
Green and Naghdi (1991, 1992, 1993) introduced the theory of
thermoelasticity without energy dissipation (TEWOED) and the
theory of thermoelasticity with energy dissipation (TEWED). There
exist also other generalized thermoelasticity theories such as the
two-temperature generalized thermoelasticity (TTGTE) (Youssef,
2006), the low-temperature thermoelasticity (Hetnarski and
Ignaczak, 1993, 1994), the dual-phase-lag thermoelasticity
(DPLTE) (Tzou, 1995), and the three-phase-lag thermoelasticity
(TPLTE) (Roychoudhuri, 2007).
).

son SAS. All rights reserved.
On a separate front, investigations concerning fractional de-
rivatives and fractional integrals have become increasingly impor-
tant as numerous models in the field of chemistry, physics,
aerodynamics, etc. are now expressed in terms of fractional order.
Whilst many theoretical studies concerning, e.g., the existence and
uniqueness of solution of fractional differential equations, have
been carried out (see, e.g., Bai and Lu, 2005; Deng andMa, 2010; Su,
2009), numerical algorithms essential for dealing with engineering
problems in the context of fractional derivatives and fractional in-
tegrals have also been proposed (Diethelm et al., 2005).

There exist many materials and physical situations where clas-
sical and above-mentioned generalized thermoelasticity, breaks
down: low temperature regimes, amorphousmedia, colloids, glassy
and porous materials, man-made and biological materials or poly-
mers, transient loading, etc. In such cases, one may need to intro-
duce time-fractional calculus into thermoelasticity (Ignaczak and
Ostoja-Starzewski, 2010). Recently, upon introducing the Rie-
manneLiouville fractional integral operator into the generalized law
of heat conduction, Youssef (2010a, 2010b) formulated the theory of
fractional order generalized thermoelasticity (FOGTE) and estab-
lished the corresponding variational principle. The theory is sub-
sequently employed to solve two-dimensional thermal shock
problems with Laplace and Fourier transforms (Youssef, 2012) as
well as half-space problems of elastic materials subjected to ramp-
type heating by using Laplace transform and state-space methods
(Youssef andAl-Lehaibi, 2010). Abouelregal (2011) also established a
model of fractional order generalized thermo-piezoelectricity and
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used it to solve one-dimensional boundary value problems for semi-
infinite piezoelectric media. It is noted that another fractional
generalized heat conduction law has also been proposed (Ezzat,
2011; Ezzat and Karamany, 2011a, 2011b, 2011c; Sherief et al., 2010).

Recent development of materials science has enabled process-
ing of novel functional materials based on coupled properties of
multi-fields, attracting accordingly interests for multi-fields
coupling problems. For instance, Niraula and Noda (2010) derived
constitutive equations of electro-magneto-thermo-elasticity; Chen
et al. (2004) obtained general solutions for transversely isotropic
electro-magneto-thermo-elasticity using the operator theory,
which can be further simplified by using the generalized Almansi’s
theorem. However, due to the complexity of the governing equa-
tions involved, analytical solutions for multi-fields coupling prob-
lems are typically difficult to obtain, and hence various variational
principles have been proposed for the purpose of numerical cal-
culations (He, 2001, 2002; Wang et al., 2002, 2010).

Whilst a number of problems in generalized thermoelasticity
have been solved by different means such as the state space
method and integral transform technique, Tian et al. (2006) made a
breakthrough by directly solving the governing equations in time
domain using the finite element method (FEM). They successfully
predicted the delicate second sound effect of heat conduction,
which is difficult to model by other methods. FEM is an effective
way to address these problems, therefore the variational theorem
(or virtual work principle) as the foundation of FEM is of great
importance. To establish the variational theorem, the method of
variational integral is frequently employed (Liang et al., 2005) due
to its wide applicability. In addition, the semi-inverse method
proposed by He (1997) also proves to be convenient and effective.

It appears that the theory of fractional order generalized ther-
moelasticity coupled with electric andmagnetic fields (in particular
fully dynamic multi-fields coupling) and the corresponding varia-
tional theorem have not been established. To address this defi-
ciency, in the present investigation, the theory of fractional order
generalized electro-magneto-thermoelasticity (FOGEMTE) for
anisotropic and linearly electro-magneto-thermo-elastic media is
developed by considering dynamic electric and magnetic fields. In
addition, Youssef’s work (2010a, 2010b) is only based on the ETE
theory, while in this work the concept of fractional calculus is
extended intoTRDTE, TEWOED, TEWED and DPL, of which a general
form is introduced during the formulation. The corresponding
variational theorem and generalized variational principle are also
presented, and some numerical examples are attached to validate
the proposed models.

2. General background

As an essential part of (generalized) thermoelasticity theory, the
theory of (generalized) heat transfer plays a significant role in the
investigation of thermoelasticity. In this section, we first summa-
rize the heat conduction law, including Fourier’s law and its
modified versions called generalized or hyperbolic heat conduction
law. Then, we formulated a unified form of heat conduction law,
which will be used in Section 3 to develop FOGEMTE.

In 1807, Fourier formulated the transient process of heat con-
duction in the form of partial differential equation, whereas the
unprecedented work was published until 1822. After publication,
the power and significance of Fourier’s work has been spread into
many fields besides heat transfer, such as electricity, chemical
diffusion, genetics, etc. In modern notation, the parabolic partial
differential equation may be written as:

kV2q ¼ rcE _q (1)
which can be obtained by eliminating q between the Fourier’s heat
conduction law (or HCL1 in current notation):

q ¼ �kVq (2)

and the equation for energy conservation

V$q ¼ �rT0 _h (3)

where k, q, r, cE, q, T0, h are the coefficient of thermal conductivity,
relative temperature, mass density, specific heat, heat flux vector,
reference temperature and entropy density, respectively. V is the
gradient operator. q is related to the temperature T, as:

q ¼ T � T0 (4)

Obviously, Eq. (1) has an unphysical feature that is the infinite
velocity of heat signals. To remove this, some nonclassical models
have been developed. The first of such model is often referred as
CattaneoeVernotte (CV) equation (HCL2) (Cattaneo,1958; Vernotte,
1958a, 1958b, 1961):

qþ s _q ¼ �kVq (5)

where s is the relaxation time, specifically the time lag between the
temperature gradient and the resulting heat flux vector. The cor-
responding heat conduction equation reads as:

kV2q ¼ rcE
�
_qþ s€q

�
(6)

which predicts a finite velocity as vq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k=rcEs

p
.

As aforementioned in Section 1, Green and Naghdi (1991, 1992,
1993) formulated the theory of TEWOED and TEWED, but it is
needed to illustrate that the procedure used by Green and Naghdi is
significantly different from the conventional approach: the latter is
upon the equation of balance of energy and an entropy production
inequality, while the former is upon a reduced equation of balance
of energy as:

r _h ¼ rðsþ xÞ � pk;k (7)

which was introduced in their early literature (Green and Naghdi,
1977). Later, some researchers (Mallik and Kanoria, 2008; Taheri
et al., 2005) considered TEWOED and TEWED with the conven-
tional approach and proposed anothermodified version of Fourier’s
law (here we refer to it as HCL3):

_q ¼ �
�
kV _qþ k*Vq

�
(8)

which has turned out to be rational. In Eq. (8) k* is a material
constant characteristic. In his review, Chandrasekharaiah (1998)
also discussed the issue in detail. Eq. (8) has the form if k is iden-
tically zero, as:

_q ¼ �k*Vq (9)

Joseph and Preziosi (1989) referred to the theory based on Eq.
(9) as inertial theory of heat conduction (HCL4). Actually, Eq. (9) is a
special form of Eq. (5) in the case that s tends to infinity while k/s is
finite.

Tzou (1995) proposed an alternative generalization of Fourier’s
law, as:

q
�
t þ sq

� ¼ �kVqðt þ sqÞ (10)

where sq is phase lag of the heat flux caused by the fast transient
effects of thermal inertia, while sq is the phase lag of the
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temperature gradient due to microstructural interactions.
Expanding both sides of Eq. (10) by Taylor’s series, we obtain the
following heat conduction law:

qþ sq _q ¼ �k
�
Vqþ sqV _q

�
(11)

qþ sq _qþ 0:5s2q€q ¼ �k
�
Vqþ sqV _q

�
(12)

Here and after, we refer to Eq. (11) as Dual-phase-lag model of
heat conduction (HCL5).

In summary, a unified form of heat conduction law may be
expressed, as:

w1qþ ðw2s1 þw3Þ _q ¼ �w4kVq�w5k
*Vq�w6kV _q�w7ks2V _q

(13)

which can be degenerated into Fourier’s law and its modifications,
as shown in Table 1.
3. Governing equations and general theory

Thermoelasticity is a fusion of the theory of heat conduction and
elasticity, and in Section 2 we have reviewed the heat conduction
law and formulated a unified form of heat conduction law, which
will be utilized in this part to develop the unified theory of
FOGEMTE, with the dynamic electromagnetic theory and fractional
calculus introduced.

The equations of motion as well as charge and current conser-
vation may be written, as:

V$sþ f ¼ r€u (14)

V$D� re ¼ 0 (15)

V$B ¼ 0 (16)

where s, D, B are the stress tensor, electric displacement vector,
and magnetic induction vector, respectively; f, re are the body force
and electric charge density; r is the mass density; u is the elastic
displacement vector. Introducing the magnetic vector potential A,
one obtains from Eq. (16) that:

B ¼ V� A (17)

The generalized forms of strain-displacement relations, electric
intensity and magnetic intensity are given by:

3¼ 1
2

�
Vuþ VuT

�
(18)

V� E ¼ � _B (19)

V�H ¼ _Dþ J (20)
Table 1
The heat conduction law and corresponding value of wi.

Eq. number w1 w2 w3 w4 w5 w6 w6 Supplementary
conditions

HCL1 2 1 0 0 1 0 0 0
HCL2 5 1 1 0 1 0 0 0 s1 ¼ s
HCL3 8 0 0 1 0 1 1 0
HCL4 9 0 0 1 0 1 0 0
HCL5 11 1 1 0 1 0 0 1 s1 ¼ sq, s2 ¼ sq
where 3, E, H, J are the strain, electric intensity, magnetic intensity
and current density, respectively.

Substituting (17) into (19) and introducing the electric potential
4, one arrives at:

E ¼ �V4� _A (21)

Analogy to Youssef (2010a), we introduce the RiemanneLiou-
ville fractional integral operator into the unified form of heat con-
duction law Eq. (13), as:

w1qþ ðw2s1 þw3Þ _q ¼ �w4kI
a�1Vq�w5k

*Ia�1Vq

�w6kI
a�1V _q�w7ks2I

a�1V _q (22)

where q is called conductive temperature to distinguish from the
thermodynamics temperature, and I indicates an integral operator
defined as (Podlubny, 1999; Mainardi and Gorenflo, 2000):

Ia�1f ðtÞ ¼ 1
Gða� 1Þ

Zt
0

ðt � sÞa�2f ðsÞds (23)

where G(a) is the gamma function, 0 < a � 2, and

I0f ðtÞ ¼ f ðtÞ; I�af ðtÞ ¼ va

vta
f ðtÞ (24)

In the absence of any inner heat source, the equation for energy
conservation is:

V$q ¼ �rT0 _h (25)

For anisotropic and linearly electro-magneto-thermo-elastic
media, the coupled constitutive relations may be described as
(Chen et al., 2006; Tian et al., 2007):

s ¼ c 3� dE� bH� cs�wþw8s3 _w
�

(26)

D ¼ d 3þ aEþ zHþ cD�wþw8s3 _w
�

(27)

B ¼ b 3þ zEþ bHþ cB�wþw8s3 _w
�

(28)

rh ¼ cs : 3þ cD$Eþ cB$Hþ rcE
T0

�
wþw8s4 _w

�
(29)

where c, a, and b are the elastic, dielectric, magnetic permeability
coefficients, respectively; d, b, and z are the piezoelectric, piezo-
magnetic and magneto-electric coefficients, respectively; cs, cD,
and cB are thermal modulus, pyroelectric and pyromagnetic con-
stants, respectively; s3 and s4 are the relaxation times in TRDTE, and
w is the thermodynamic temperature related to the conductive
temperature via:

w ¼ q�w9aV
2q (30)

here, a is the two-temperature parameter.
As fundamental equations governing the force field, the electric

field, the magnetic field and the temperature field, Eqs. (14)e(30)
are deterministic, totalling 36 equations for 36 unknown vari-
ables. Substituting Eq. (26) into (14), and then considering Eqs. (18)
and (21), one obtains the governing equation of the force field, as:
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V$

�
0:5c

�
VuþVuT

�
�d
�
�V4� _A

�
�bH�cs

h�
q�w9aq;ii

�

Table 2
Illustration and degeneration of FOGEMTE theory.

Theory Based on Conditions

Generalized
thermoelasticity

Law of heat
conduction

wi ¼ 1 Fractional
order

E-M field

FOGEMTE ETE HCL2 i ¼ 1,2,4 Included Included
TRDTE i ¼ 1,4,8
TEWOED HCL3 i ¼ 3,5
TEWED HCL4 i ¼ 3,5,6
DPLTE HCL5 i ¼ 1,2,4,7
If w9 ¼ 1, two-temperature (e.g. thermodynamics and conductive
temperature) models are included.

FOGTE ETE HCL2 i ¼ 1,2,4 Included Excluded
TRDTE i ¼ 1,4,8
TEWOED HCL3 i ¼ 3,5
TEWED HCL4 i ¼ 3,5,6
DPLTE HCL5 i ¼ 1,2,4,7

ETE HCL2 i ¼ 1,2,4 Excluded Excluded
TRDTE i ¼ 1,4,8
TEWOED HCL3 i ¼ 3,5
TEWED HCL4 i ¼ 3,5,6
DPLTE HCL5 i ¼ 1,2,4,7
þw8s3
�
_q�w9a _q;ii

�i�
þf ¼ r€u

(31)

Similarly, introducing (27) into (15) (or (28) into (16)) and
considering (18) and (21) leads to the governing equations of the
electric and magnetic fields, as:

V$

�
0:5d

�
Vuþ VuT

�
þ a

�
�V4� _A

�
þ zHþ cD

h�
q�w9aq;ii

�
þw8s3

�
_q�w9a _q;ii

�i�
� re ¼ 0

(32)

V$

�
0:5b

�
Vuþ VuT

�
þ z
�
�V4� _A

�
þ bHþ cB

h�
q�w9aq;ii

�
þw8s3

�
_q�w9a _q;ii

�i�
¼ 0

(33)

The governing equation for the temperature field is obtained by
first combining (22), (24) and (25) and then introducing (29), as:

T0b
�
0:5cs :

�
Vuþ VuT

�
þ cD$

�
�V4� _A

�
þ cB$Hþ ðrcE=T0Þ

�
h�
q�w9aq;ii

�þw8s4
�
_q�w9a _q;ii

�i�

¼ w4kV
2qþw5k

*V2qþw6kV
2 _qþw7ks2V2 _q

(34)

where

b ¼ w1
va

vta
þ ðw2s1 þw3Þ

vaþ1

vtaþ1

It is difficult to eliminate H when deriving Eqs. (31)e(34), and
there is only one equation, i.e., Eq. (33), relating to the magnetic
vector potential A that has three components for themagnetic field.
Hence, equations (17) and (20) should be introduced as comple-
mentary equations. By considering Eqs. (18), (21) and (27), Eq. (20)
is rewritten as follows for coherence:

V�H ¼0:5d
�
V _uþ V _uT

�
þ a

�
� V _4� €A

�
þ z _Hþ cD

3

	�
_q�w9a _q;ii

�
þw8s3

�
€q�w9a€q;ii

�

þ J

(35)

Note that Eq. (17) indicates three equations, of which any two
are independent given Eq. (16).

In summary, there are eleven independent equations, i.e., Eqs.
(17) and (31)e(35), corresponding to eleven unknown quantities,
i.e., u, 4, A, H and q, and all of these quantities can be determined
upon introducing boundary conditions and initial conditions. On
surfaces s1 and s2, the displacement and traction are given as:

u ¼ u on surface s1
s$n ¼ F on surface s2

(36)

On surfaces s3 and s4, the electric potential and surface charges
are expressed as:
4 ¼ 4 on surface s3
D$n ¼ d on surface s

(37)

4

On surfaces s5 and s6, the boundary conditions are prescribed as:

A ¼ A on surface s5
V�H ¼ h on surface s6

(38)

On surface s7 and s8, the temperature and heat flux are given as:

q ¼ q on surface s7
q$n ¼ q on surface s8

Note that, in the above boundary conditions,
s1 þ s2 ¼ s3 þ s4 ¼ s5 þ s5 ¼ s7 þ s8 ¼ s covers the total boundary
surface.

Thus far we have perfected the FOGTE theory, which is only
based on ETE, and developed the FOGEMTE theory by introducing
the dynamic electric and magnetic fields, with various generalized
thermoelasticity considered (see, e.g. ETE, TRDTE, TEWOED,
TEWED, DPLTE as shown in Table 2). In addition, the thermody-
namics temperature and conductive temperature are distinguished
if w9 is set as 1.

4. Variational theorem

According to the formulation by Youssef (2010a), substituting
Eq. (36) into the statement of virtual external work:Z
v

f$dudvþ
Z
ss

F$duds

and employing the divergence theorem, and then considering Eqs.
(14) and (18), one obtains the following force field:Z
v

s : d 3dvþ
Z
v

r€u$dudv ¼
Z
v

f$dudvþ
Z
ss

F$duds (39)

This, together with Eq. (26), yields:Z
v

n
c 3� dE� bH� cs

h�
q�w9aV

2q
�
þw8s3

�
_q�w9aV

2 _q
�io

: d 3dvþ
Z
v

r€u$dudv ¼
Z
v

f$dudvþ
Z
ss

F$duds

(40)
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from which one obtains:Z
v

csq :d 3dv¼
Z
v

c 3:d 3dv�
Z
v

dE :d 3dv�
Z
v

bH : d 3dv

þ
Z
v

Z1c
sV2q : d 3dv�

Z
v

Z2c
s _q :d 3dv

þ
Z
v

Z3c
sV2 _q : d 3dvþ

Z
v

r€u$dudv

�
Z
v

f$dudv�
Z
ss

F$duds

(41)

where

Z1 ¼ w9a; Z2 ¼ w8s3; Z3 ¼ w8w9s3a

In view of Eqs. (15) and (37), using the variational integral
method, one arrives at:

�
Z
v

ðV$D� reÞd4dvþ
Z
sD

�
D$n� d

�
d4ds ¼ 0 (42)

Integrating Eq. (42) by parts leads to:Z
v

D$dV4dvþ
Z
v

red4dv ¼
Z
sD

dd4ds (43)

Substitution of Eq. (19) into Eq. (43) yields:

�
Z
v

D$dEdv�
Z
v

D$d _Advþ
Z
v

red4dv ¼
Z
sD

dd4ds (44)

Substitution of Eq. (27) into Eq. (44) yields:

�
Z
v

n
d 3þaEþzHþcD

h�
q�w9aV

2q
�
þw8s3

�
_q�w9aV

2 _q
�io

$dEdv

�
Z
v

n
d 3þaEþzHþcD

h�
q�w9aV

2q
�
þw8s3

�
_q�w9aV

2 _q
�io

$d _Adv

þ
Z
v

red4dv¼
Z
sD

dd4ds

(45)
�
Z
v

n
b 3þ zEþ bHþ cB

h�
q�w9aV

2q
�
þw8s3

�
_q�w9aV

2 _q
�io

$dH

þ
Z
v

Ad : d_ 3dvþ
Z
v

Aa$d _Edvþ
Z
v

Az$d _Hdvþ
Z
v

A$cDd _qdv�w9

Z
v

A

þw8

Z
v

A$cDs3d€qdv�w8w9

Z
v

s3A$cDadV2€qdvþ
Z
v

A$dJdv ¼
Z
sA

A

which can be rearranged as:

Z
v

cBq$dHdv¼�
Z
v

b 3$dHdv�
Z
v

zE$dHdv�
Z
v

bH$dHdvþ
Z
v

Z1c
BV2q

þ
Z
v

Ad :d_ 3dvþ
Z
v

Aa$d _Edvþ
Z
v

Az$d _Hdvþ
Z
v

A$cDd _qd

�
Z
v

Z3A$cDdV2€qdvþ
Z
v

A$dJdv�
Z
sA

A$dðV�HÞds
which can be rewritten as:

Z
v

cDq$dEdv¼�
Z
v

d 3$dEdv�
Z
v

aE$dEdv�
Z
v

zH$dEdv

þ
Z
v

Z1c
DV2q$dEdv�

Z
v

Z2c
D _q$dEdv

þ
Z
v

Z3c
DV2 _q$dEdv�

Z
v

d 3$d _Adv�
Z
v

aE$d _Adv

�
Z
v

zH$d _Adv�
Z
v

cDq$d _Advþ
Z
v

Z1c
DV2q$d _Adv

�
Z
v

Z2c
D _q$d _Advþ

Z
v

Z3c
DV2 _q$d _Adv

þ
Z
v

red4dv�
Z
sD

dd4ds

(46)

Using the variational integral method one obtains from Eqs. (17)
and (38) that:

�
Z
v

ðB� V� AÞ$dHdvþ
Z
sA

�
A � A

�
$dðV�HÞds ¼ 0 (47)

Integrating (35) by parts results in:

�
Z
v

B$dHdvþ
Z
v

A$dðV�HÞdv ¼
Z
sA

A$dðV�HÞds (48)

Substitution of (20) into (48) leads to:

�
Z
v

B$dHdvþ
Z
v

A$d _Ddvþ
Z
v

A$dJdv¼
Z
sA

A$dðV�HÞds (49)

Substitution of (27) and (28) into (49) leads to:
dv

$cDadV2 _qdv

$dðV�HÞds

(50)

$dHdv�
Z
v

Z2c
B _q$dHdvþ

Z
v

Z3c
BV2 _q$dHdv

v�
Z
v

Z1A$c
DdV2 _qdvþ

Z
v

Z2A$c
Dd€qdv (51)
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Following Youssef (2010a), the entropy flux S is introduced as:
q ¼ T0 _S (52)

In view of Eq. (52), Eq. (25) can be rewritten as:

rh ¼ �VS (53)

Eliminating q between Eqs. (22) and (52), one gets:

T0bSþw4kVqþw5k
*Vqþw6kV _qþw7ks2V _q ¼ 0 (54)
Z
vT0bS$dSdvþ

Z
v

Z4VðqdSÞdvþ
Z
v

Z4qc
s : d 3dvþ

Z
v

Z4qc
D$dEdvþ

Z
v

Z4qc
B$dHdvþ

Z
v

Z4ðrcE=T0Þqdqdv

�
Z
v

Z1Z4ðrcE=T0ÞqdV2qdvþ
Z
v

Z4Z6ðrcE=T0Þqd _qdv�
Z
v

Z4Z7ðrcE=T0ÞqadV2 _qdvþ
Z
v

Z5V _q$dSdv ¼ 0
(58)
where

b ¼ w1
va

vta
þ ðw2s1 þw3Þ

vaþ1

vtaþ1

By multiplying dSi and integrating over the body, it is obtained
from Eq. (54) that:Z
v

�
T0bSþw4kVqþw5k

*Vqþw6kV _qþw7ks2V _q
�
$dSdv ¼ 0

(55)Integrating (55) by parts leads to:Z
v

T0bS$dSdvþ
Z
v

Z4VðqdSÞdv�
Z
v

Z4qdVSdvþ
Z
v

Z5V _q$dSdv¼ 0

(56)

where

Z4 ¼ w4kþw5k
*; Z5 ¼ kðw6 þw7s2Þ
Z
vZ4c 3: d 3dv�

Z
v

Z4dE :d 3dv�
Z
v

Z4bH : d 3dvþ
Z
v

Z1Z4c
sV2q : d 3dv�

Z

�
Z
v

Z4d 3$dEdv�
Z
v

Z4aE$dEdv�
Z
v

Z4zH$dEdvþ
Z
v

Z1Z4c
DV2q$dE

�
Z
v

Z4d 3$d _Adv�
Z
v

Z4aE$d _Adv�
Z
v

Z4zH$d _Adv�
Z
v

Z4c
Dq$d _Advþ

þ
Z
v

Z3Z4c
DV2 _q$d _Adv�

Z
v

Z4b 3$dHdv�
Z
v

Z4zE$dHdv�
Z
v

Z4bH$dH

þ
Z
v

Z3Z4c
BV2 _q$dHdvþ

Z
v

Z4Ad :d_ 3dvþ
Z
v

Z4Aa$d _Edvþ
Z
v

Z4Az$dH

þ
Z
v

Z2Z4A$cDd€qdv�
Z
v

Z3Z4A$cDdV2€qdvþ
Z
v

Z4A$dJdvþ
Z
v

T0bS$

�
Z
v

Z1Z4ðrcE=T0ÞqdV2qdvþ
Z
v

Z4Z6ðrcE=T0Þqd _qdv�
Z
v

Z4Z7ðrcE=T0

þ
Z
v

Z4f$dudvþ
Z
ss

Z4F$duds�
Z
v

Z4red4dvþ
Z
sD

Z4dd4dsþ
Z
sA

Z4A$
Eliminating h in Eqs. (29) and (53) yields:

VS ¼ � cs : 3� cD$E� cB$H� ðrcE=T0Þ
h�

q�w9aV
2q
�

þw8s4
�
_q�w9aV

2 _q
�i

(57)

Substitution of Eq. (57) into (56) yields:
where

Z6 ¼ w8s4; Z7 ¼ w8w9s4a

As the entropy flux S is introduced to derive the temperature
field, for clarity, the problem needs to be restated, as follows.With S
included, there are fourteen unknown quantities, and Eq. (57) is
taken as the additional complementary equations of governing
Equations (17) and (31)e(35). By considering Eqs. (18) and (21), Eq.
(57) is rewritten as:

VS¼�0:5cs :
�
VuþVuT

�
�cD$

�
�V4� _A

�
�cB$H�ðrcE=T0Þq

þZ1ðrcE=T0ÞV2qþZ2ðrcE=T0Þ _qþZ3ðrcE=T0ÞV2 _q

(59)

In total, Eqs. (31)e(35) and (59) represent fourteen governing
equations to be solved by considering boundary and initial
conditions.

Finally, introducing Eqs. (41), (46) and (51) into Eq. (58), one
obtains:
v

Z2Z4c
s _q : d 3dvþ

Z
v

Z3Z4c
sV2 _q : d 3dv

dv�
Z
v

Z2Z4c
D _q$dEdvþ

Z
v

Z3Z4c
DV2 _q$dEdv

Z
v

Z1Z4c
DV2q$d _Adv�

Z
v

Z2Z4c
D _q$d _Adv

dvþ
Z
v

Z1Z4c
BV2q$dHdv�

Z
v

Z2Z4c
B _q$dHdv

_ dvþ
Z
v

Z4A$cDd _qdv�
Z
v

Z1Z4A$cDdV2 _qdv

dSdvþ
Z
v

Z4ðrcE=T0Þqdqdv

ÞqdV2 _qdvþ
Z
v

Z5V _q$dSdv¼�
Z
v

Z4r€u$dudv

dðV�HÞds�
Z
v

Z4VðqdSÞdv

(60)
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which represents the variational theorem of the FOGEMTE theory.
Several degenerated forms can be obtained by neglecting the cor-
responding terms. For instance, by neglecting the magnetic field in
Eq. (60), the variational principle of the fractional order generalized
electro-thermoelectricity can be expressed as:
Z
v

Z4c 3: d 3dv�
Z
v

Z4dE : d 3dvþ
Z
v

Z1Z4c
sV2q : d 3dv�

Z
v

Z2Z4c
s _q : d 3dvþ

Z
v

Z3Z4c
sV2 _q : d 3dv�

Z
v

Z4d 3$dEdv

�
Z
v

Z4aE$dEdvþ
Z
v

Z1Z4c
DV2q$dEdv�

Z
v

Z2Z4c
D _q$dEdvþ

Z
v

Z3Z4c
DV2 _q$dEdvþ

Z
v

T0bS$dSdv

þ
Z
v

Z4ðrcE=T0Þqdqdv�
Z
v

Z1Z4ðrcE=T0ÞqdV2qdvþ
Z
v

Z4Z6ðrcE=T0Þqd _qdv�
Z
v

Z4Z7ðrcE=T0ÞqdV2 _qdv

þ
Z
v

Z5V _q$dSdv ¼ �
Z
v

Z4r€u$dudvþ
Z
v

Z4f$dudvþ
Z
ss

Z4F$duds�
Z
v

Z4red4dvþ
Z
sD

Z4dd4ds�
Z
v

Z4VðqdSÞdv

(61)
Similarly, the variational principle of the fractional order
generalized magneto-thermo-elasticity can be obtained by
Z
v

Z4c 3: d 3dv�
Z
v

Z4dE : d 3dv�
Z
v

Z4bH : d 3dv�
Z
v

Z4d 3$dEdv�
Z
v

Z4aE$dEdv�
Z
v

Z4zH$dEdv�
Z
v

Z4d 3$d _Adv�
Z
v

Z4aE$d _Adv

�
Z
v

Z4zH$d _Adv�
Z
v

Z4b 3$dHdv�
Z
v

Z4zE$dHdv�
Z
v

Z4bH$dHdvþ
Z
v

Z4Ad : d_ 3dvþ
Z
v

Z4Aa$d _Edvþ
Z
v

Z4Az$d _Hdv

þ
Z
v

Z4A$dJdv ¼ �
Z
v

Z4r€u$dudvþ
Z
v

Z4f$dudvþ
Z
ss

Z4F$duds�
Z
v

Z4red4dvþ
Z
sD

Z4dd4dsþ
Z
sA

Z4A$dðV�HÞds

(67)
removing the electric field in Eq. (60), whilst the variational theo-
rem of generalized thermoelasticity can be obtained by neglecting
both the electric field and the magnetic field.

Upon neglecting the electric field, the magnetic field and the
RiemanneLiouville fractional integral operator when
w1 ¼ w2 ¼ w4 ¼ 1, Eq. (60) can be further degenerated into the
variational theorem of FOGTE formulated by Youssef (2010a) for
isotropic elastic medium, as:

dU þ dP þ dR ¼ dW (62)

where U, P, R and dW are separately the strain energy of the elastic
medium, the heat potential (Naotak et al., 2003), the dissipation
function (Naotak et al., 2003), and the generalized virtual external
work, given by:

U ¼ 1
2

Z
v

c 3: 3dV (63)

P ¼ cE
2T0

Z
v

q2dv (64)
R ¼ T0b
2k

S$Sdv (65)

Z
v

dW ¼�
Z
v

r€u$dudvþ
Z
v

f$dudvþ
Z
ss

F$duds�
Z
v

VðqdSÞdv (66)
By removing the temperature field in Eq. (60), the variational
principle of electro-magneto-elasticity has the form:
Whilst several special and useful variational principles have
been deduced based on Eq. (60), more specialized variational the-
orems can be obtained by choosing different values for
wi(i ¼ 1,2,.,9) as shown in Table 1.
5. Generalized variational theorem

The variational theorem for the newly proposed FOGEMTE is
presented in Section 3. To provide a complete rationale for
formulating numerical methods of the new FOGEMTE theory, we
need to propose a generalized variational principle. In this section,
we aim to formulate such a principle by using the semi-inverse
method (He, 1997).

In 1964, Gurtin (1964) established dual-convolutional varia-
tional principles for elastic dynamics. Comparing with Hamilton-
type variational theorems, Gurtin-type ones may provide all the
characteristics of the initial boundary problems. But the dis-
cretization of Gurtin-type variational principle in time domain is
complex, which greatly limits its applications to various dynamic
problems. To avoid the Gurtin-type variational theorem, the time-
derivative term in the basic equations should be expressed as
(He, 2002):

https://www.researchgate.net/publication/226472194_Generalized_variational_principles_for_thermopiezoelectricity?el=1_x_8&enrichId=rgreq-b1549105cd6a830227326acc2e9164cc-XXX&enrichSource=Y292ZXJQYWdlOzI2MDU3MzM1NjtBUzoxMzcyMjA3MjgwMzczNzdAMTQwOTcyNzM3OTExMQ==
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https://www.researchgate.net/publication/226536681_Variational_Principles_for_Linear_Elastodynamics?el=1_x_8&enrichId=rgreq-b1549105cd6a830227326acc2e9164cc-XXX&enrichSource=Y292ZXJQYWdlOzI2MDU3MzM1NjtBUzoxMzcyMjA3MjgwMzczNzdAMTQwOTcyNzM3OTExMQ==
https://www.researchgate.net/publication/226536681_Variational_Principles_for_Linear_Elastodynamics?el=1_x_8&enrichId=rgreq-b1549105cd6a830227326acc2e9164cc-XXX&enrichSource=Y292ZXJQYWdlOzI2MDU3MzM1NjtBUzoxMzcyMjA3MjgwMzczNzdAMTQwOTcyNzM3OTExMQ==
https://www.researchgate.net/publication/270795880_Semi-Inverse_Method_of_Establishing_Generalized_Variational_Principles_for_Fluid_Mechanics_With_Emphasis_on_Turbomachinery_Aerodynamics?el=1_x_8&enrichId=rgreq-b1549105cd6a830227326acc2e9164cc-XXX&enrichSource=Y292ZXJQYWdlOzI2MDU3MzM1NjtBUzoxMzcyMjA3MjgwMzczNzdAMTQwOTcyNzM3OTExMQ==
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vj

vt
¼ jðtÞ � jðtn�1Þ

Dt
¼written as ¼ j� jðn�1Þ

Dt
(68)
where j indicates an arbitrary function, and Dt ¼ t � tn�1 is the
equal step length. In view of (68), Eqs. (20), (21), and (25)e(28) can
be rewritten sequentially as:

V�H ¼ Z8D� Z9 þ J (69)

E ¼ �V4� Z8A þ Z10 (70)

V$qDt ¼ �T0
�
cs

3þ cDEþ cBH
�
� rcEZ11qþ rcEZ12V

2qþ Z13

(71)

s ¼ c 3� dE� bH� Z14c
sqþ Z15c

sV2qþ Z16 (72)

D ¼ d 3þ aEþ zHþ Z14c
Dq� Z15c

DV2qþ Z17 (73)

B ¼ b 3þ zEþ bHþ Z14c
Bq� Z15c

BV2qþ Z18 (74)

where

Z8 ¼ 1
Dt

; Z9 ¼ 1
Dt

Dðn�1Þ; Z10 ¼ 1
Dt

Aðn�1Þ

Z11 ¼ 1þ 1
Dt

w8s4; Z12 ¼
�
1þ 1

Dt
w8s4

�
w9a
Z19ð0<a�1Þ ¼�Z4
1

GðaÞ
1
a

1
Dt1�a

h
�Vqðn�1Þi�Z5

1
GðaÞ

1
a

1
Dt1�a

h
�V _q

ðn�1Þi�Z4
1

GðaÞ
1
a

1
Dt1�a

Xn�1

i¼1

h
VqðiÞ�Vqði�1Þihðn�iþ1Þa�1�ðn�iÞa�1

i

�Z5
1

GðaÞ
1
a

1
Dt1�a

Xn�1

i¼1

�
V _q

ðiÞ�V _q
ði�1Þ�hðn�iþ1Þa�1�ðn�iÞa�1

i

Z13 ¼ 1
Dt

h
T0Dt

�
cs

3
ðn�1Þ þ cDEðn�1Þ þ cBHðn�1Þ

�
þ rcEDtq

ðn�1Þ � rcEw9aDtV
2qðn�1Þ

þ 2w8s3rcEq
ðn�1Þ �w8s3rcEq

ðn�2Þ

� 2w8s3rcEw9aV
2qðn�1Þ �w8s3rcEw9aV

2qðn�2Þi

Z14 ¼ 1þ 1
Dt

w8s3; Z15 ¼
�
1þ 1

Dt
w8s3

�
w9a

Z16 ¼ 1
Dt

�
w8s3c

sqðn�1Þ �w8s3c
sw9aV

2qðn�1Þ�

Z17 ¼ 1
Dt

�
�w8s3cDqðn�1Þ þw8s3cDw9aV

2qðn�1Þ�

Z18 ¼ 1
Dt

�
�w8s3cBqðn�1Þ þw8s3cBw9aV

2qðn�1Þ�
When 0 < b � 1, Caputo definition of time fractional derivative
gives:

Dbf ðtÞ ¼ 1
Gð1� bÞ

Zt
0

vf
vt
ðt � sÞ�sds (75)

Replacing the integral term in (75) with a summation, and
approximating the first-order time derivative by first-order back-
ward difference, one has:

Dbf ðtÞ ¼ 1
Gð1�bÞ

Pn
i¼1

Zti
ti�1

vf
vt
ðt � sÞ�bds

¼ 1
Gð1�bÞ

Pn
i¼1

Zti
ti�1

f ðiÞ � f ði�1Þ

Dt
ðt � sÞ�bds

¼ 1
Gð1�bÞ

Pn
i¼1

f ðiÞ�f ði�1Þ

Dt

Zti
ti�1

ðt � sÞ�bds

¼ 1
Gð1�bÞ

1
1�b

1
Dtb

Pn
i¼1


f ðiÞ � f ði�1Þ�

�
h
ðn� iþ 1Þ1�b � ðn� iÞ1�b

i
(76)

In view of Eq. (75), Eq. (22) (0<a � 1) has the alternative form:

w1qþ ðw2s1 þw3Þ _qþ Z4
aGðaÞDt1�a

Vqþ Z5
aGðaÞDt1�a

V _q

¼ Z19ð0<a�1Þ (77)

where
In view of Eq. (68), Eq. (77) can be further expressed as:

Z20ð0<a�1Þqþ Z21ð0<a�1ÞVq ¼ Z22ð0<a�1Þ (78)

where

Z20ð0<a�1Þ ¼ ðDtw1 þw2s1 þw3Þ; Z21ð0<a�1Þ

¼ DtZ4 þ Z5
GðaÞ

1
a

1
Dt1�a

Z22ð0<a�1Þ ¼ DtZ19 þ ðw2s1 þw3Þqðn�1Þ

þ Z5
GðaÞ

1
a

1
Dt1�a

ðVqÞðn�1Þ

When 1 � a � 2, Eq. (22) may be written:
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w1D
a�1qþ ðw2s1 þw3ÞDa�1 _q ¼ �w4kVq�w5k

*Vq�w6kV _q
�w7ks2V _q

(79)

Considering Eq. (76), one obtains:

w1

Gð2� aÞð2� aÞt0a�1 qþ w2s1 þw3

Gð2� aÞð2� aÞt0a�1
_qþ Z4Vqþ Z5V _q

¼ Z19ð1�a�2Þ
(80)

where
Z19ð1�a�2Þ ¼w1
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1
Dta�1

h
� qðn�1Þ

i
þ ðw2s1 þw3Þ
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1
2� a

1
Dta�1
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Xn�1

i¼1

h
qðiÞ � qði�1Þ

ih
ðn� iþ 1Þa�1 � ðn� iÞa�1

i

� ðw2s1 þw3Þ
1

Gð2� aÞ
1

2� a

1
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In view of (68), Eq. (80) has the form:

Z20ð1�a�2Þqþ Z21ð1�a�2ÞVq ¼ Z22ð1�a�2Þ (81)

where

Z20ð1�a�2Þ ¼ Dtw1 þw2s1 þw3

Gð2� aÞð2� aÞDta�1; Z21ð1�a�2Þ ¼ DtZ4 þ Z5

Z22ð1�a�2Þ ¼ DtZ19 þ
w2s1 þw3

Gð2� aÞð2� aÞDta�1q
ðn�1Þ þ Z5ðVqÞðn�1Þ

For convenience, the general form of Eqs. (78) and (81),

Z20qþ Z21Vq ¼ Z22 (82)

will be used in the following.
An energy-like trial functional with thirty-six independent

variables, i.e., (s, 3,u,q,q,D,E,4,B,H,A), can be established as:

Jðs; 3;u; q;q;D;E;4;B;H;AÞ ¼
ZtðnÞ

tðn�1Þ

Z
v

Ldvdt þ IB (83)

where

L ¼ s :
�

3� 0:5Vu� 0:5VuT
�
þ F (84)

IB ¼
X8
i¼1

ZtðnÞ
tðn�1Þ

Z
si

Gidsdt

in which F and Gi(i ¼ 1,2,.,10) are unknown functions to be
determined below.

The stationary condition with respect to s in Eq. (83) has the
form:
3� 0:5Vu� 0:5VuT þ dF ¼ 0 (85)

ds

To satisfy Eq. (18), one has:

dF
ds

¼ 0

which indicates that F is not related to s and its derivatives.
The stationary condition for 3appearing in Eq. (83) can be

expressed as:

sþ dF
d 3

¼ 0 (86)
In view of Eq. (72), one obtains:

F ¼ 3:
�
� 0:5c 3þ dEþ bHþ Z14c

sq� Z15c
sV2q� Z16

�
þ F1

(87)

Introducing (87) into (84) leads to:

L¼s :
�

3�0:5Vu�0:5VuT
�

þ 3:
�
�0:5c 3þdEþbHþZ14c

sq�Z15c
sV2q�Z16

�
þF1

(88)

The trial Euler equation for u in Eq. (83) can be written as:

V$sþ dF1
du

¼ 0 (89)

Upon setting:

F1 ¼ f$uþ 0:5r _u$ _uþ F2 (90)

one finds that Eq. (89) satisfies Eq. (14). Substitution of (90) into
(88) results in:

L¼s:
�

3�0:5Vu�0:5VuT
�
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�
�0:5c 3þdEþbHþZ14c

sq�Z15c
sV2q�Z16

�
þf$uþ0:5r _u$ _uþF2

(91)

The stationary condition with respect to q in (83) is:

Z14 3: cs þ dF2
dq

¼ 0

Considering Eq. (71), one obtains:

F2 ¼ q

T0

h
Z14DtVqþ T0Z14

�
cD$Eþ cB$H

�

� rcEZ12Z14V
2q� Z13Z14

i
� 1
2T0

rcEZ11Z14q
2 þ F3

(92)
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Combination of (91) and (92) yields:
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The trial Euler equation for q in (83) has the form:

�Z14Dt
T0

Vqþ dF3
dq

¼ 0

In view of Eq. (82), one has:

F3 ¼ Z14Dtq
Z21T0
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Substitution of (94) into (93) leads to:
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Z21T0

$ð � 0:5Z20qþ Z22Þ � D$Eþ 0:5aE$Eþ E$zH� Z15E$cDV2qþ E$Z17 � D$V4� Z8D$A þ D$Z10 þ F6

(100)
The stationary condition for E can be written as:

3dþ qZ14c
D þ dF4

dE
¼ 0 (96)

Combining (73) and (96) leads to:

F4 ¼ �D$Eþ 0:5aE$Eþ E$zH� Z15E$c
DV2qþ E$Z17 þ F5

(97)
Introducing (97) into (95), one obtains:
The trial Euler equation with respect to D in (83) can be
expressed as:

�Eþ dF5
dD

¼ 0

Together with Eq. (70), it follows that:

F5 ¼ �D$V4� Z8D$A þ D$Z10 þ F6 (99)

Substituting (99) into (98), one has:
The stationary condition with respect to 4 in (83) has the form:

V$Dþ dF6
d4

¼ 0

In view of Eq. (15), one gets:

F6 ¼ �re4þ F7
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from which one has:

L ¼s :
�

3�0:5Vu�0:5VuT
�

þ 3:
�
�0:5c 3þdEþbHþ Z14c

sq� Z15c
sV2q�Z16

�
þ f$u

þ0:5r _u$ _uþ q

T0

h
Z14DtVqþ T0Z14

�
cD$EþcB$H

�

� rcEZ12Z14V
2q� Z13Z14

i
� 1
2T0

rcEZ11Z14q
2

þ Z14Dtq
Z21T0

$ð�0:5Z20qþZ22Þ�D$Eþ 0:5aE$EþE$zH

� Z15E$c
DV2qþE$Z17 �D$V4� Z8D$AþD$Z10 � re4þ F7

(101)

The trial Euler equation for H in (83) reads:

3bþ qZ14c
B þ Ezþ dF7

dH
¼ 0 (102)

Combination of (74) and (102) yields:

F7 ¼ �H$Bþ 0:5H$bH� Z15H$cBV2qþH$Z18 þ F8 (103)

Introducing (103) into (101), one has:

L ¼s :
�

3�0:5Vu�0:5VuT
�

þ 3:
�
�0:5c 3þdEþbHþ Z14c

sq� Z15c
sV2q�Z16

�
þ f$u

þ0:5r _u$ _uþ q

T0

h
Z14DtVqþ T0Z14

�
cD$EþcB$H

�

� rcEZ12Z14V
2q� Z13Z14

i
� 1
2T0

rcEZ11Z14q
2

þ Z14Dtq
Z21T0

$ð�0:5Z20qþZ22Þ�D$Eþ 0:5aE$EþE$zH

� Z15E$c
DV2qþE$Z17 �D$V4� Z8D$AþD$Z10 � re4

�H$Bþ0:5H$bH� Z15H$c
BV2qþH$Z18 þ F8

(104)

The stationary condition with respect to A can be written as:

�Z8Dþ dF8
dA

¼ 0

In view of (69), one has:

F8 ¼ ðV�HÞ$A þ Z9$A � J$A

from which one gets:
L ¼ s :
�

3� 0:5Vu� 0:5VuT
�þ 3:

�� 0:5c 3þ dEþ bHþ Z14csq� Z

þ q
T0


Z14DtVqþ T0Z14

�
cD$Eþ cB$H

�� rcEZ12Z14V2q� Z13Z14
��

þE$zH� Z15E$cDV2qþ E$Z17 �D$V4� Z8D$AþD$Z10 � re4�
Applying Green’s theory on the boundary, one has:

du : �s$nþ vGi
vu ¼ 0

d4 : �D$nþ vGi
v4 ¼ 0

ds : vGi
vs ¼ 0

dD : vGi
vD ¼ 0

dA : vGi
vA ¼ 0

dH : �AðV� IÞ þ vGi
vH ¼ 0

dq : vGi
vq

¼ 0

dq : �Z14Z20t0
Z21T0

qnþ vGi
vq ¼ 0

ði ¼ 1;2;.;8Þ (106)

Considering the boundary equations on si(i ¼ 1,2,.,8), one
obtains from (106) that:

G1 ¼ s$nðu� uÞ; G2 ¼ F$u; G3 ¼ D$nð4� 4Þ
G4 ¼ d4; G5 ¼ A

�
V�H� h

�
; G6 ¼ AðV�HÞ

G7 ¼ Z14Z20Dt
Z21T0

qðq$n� qÞ; G8 ¼ Z14Z20$t
Z21T0

q$nq

(107)

Finally, substitution of (105), (107) into (83) leads to the
generalized variational principle of FOGEMTE.

Note that several specialized variational theorems can be ob-
tained from the present generalized variational principle by
introducing suitable constraints. For typical example, if Eq. (18) is
taken as the constraint, Eq. (105) simplifies to:

L ¼ 3:
�
� 0:5c 3þ dEþ bHþ Z14c

sq� Z15c
sV2q� Z16

�
þ f$uþ 0:5r _u$ _uþ q

T0

h
Z14DtVqþ T0Z14

�
cD$Eþ cB$H

�

� rcEZ12Z14V
2q� Z13Z14

i
� 1
2T0

rcEZ11Z14q
2

þ Z14Dtq
Z21T0

$ð � 0:5Z20qþ Z22Þ � D$Eþ 0:5aE$Eþ E$zH

� Z15E$c
DV2qþ E$Z17 � D$V4� Z8D$A þ D$Z10 � re4

�H$Bþ 0:5H$bH� Z15H$c
BV2qþH$Z18ðV�HÞ$A

þ Z9$A � J$A

(108)

Then, Equations (83), (107), and (108) represent the newly
degenerated variational theorem.
15c
sV2q� Z16

�þ f$uþ 0:5r _u$ _u

1
2T0

rcEZ11Z14q
2 þ Z14Dtq

Z21T0
$ð � 0:5Z20qþ Z22Þ �D$Eþ 0:5aE$E

H$Bþ 0:5H$bH� Z15H$cBV2qþH$Z18ðV�HÞ$Aþ Z9$A� J$A
(105)



Table 3
Material constants needed in numerical simulation (copper).

l 77.6 GPa at 1.78e � 5 m/K cE 381 J/(kg K) s3 0.05
m 38.6 GPa r 8945 kg/m3 T0 293 K s4 0.05
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6. Numerical examples

In the previous sections, a unified form of FOGEMTE is intro-
duced, and it may be reduced into FOGTE when the electro-
magnetic effect is neglected, while the FOGTE can be considered
as a summary of reported fractional theories based on ETE, TEW-
OED, TEWED, and DPL (Youssef, 2010a, 2012; Youssef and Al-
Lehaibi, 2010; Abouelregal, 2011; Sur and Kanoria, 2012; Ezzat
et al., 2012). In addition, to give a general view of FOGEMTE and
provide a further understanding of the problem, the corresponding
variational principles are proposed in both variational integral
method and semi-inverse method. It is noted that FOGTE based on
TRDTE is never reported and is introduced in this contribution for
the first time.

In this section, our focuses are placed on the effect of fractional
order a on the distribution of the response when the material
(thermo-elastic or electro-thermo-elastic) is imposed a sudden
heating. In the numerical simulations, the Laplace transformation is
implemented, and the adopted model is based on TRDTE. The re-
sults are presented graphically.
Fig. 1. Time history of the normalized temperature at x ¼ 0.1 under different a.
6.1. A slim strip problem of thermo-elastic material

The equations of FOGTE based on TRDTE are restated as
following:

sji;j ¼ r€ui; qi;i ¼ �rT0 _h (109)

sij ¼ cijkl 3kl � csij

�
qþ s3 _q

�
(110)

rh ¼ csij 3ij þ
rcE
T0

�
qþ s4 _q

�
(111)

qi ¼ �Ia�1kVq; 3ij ¼ 0:5
�
ui;j þ uj;i

�
(112)

Considering a one-dimensional problem of an isotropic thermo-
elastic material, the constitutive Equations (110) and (111) are
simplified, as:

sx ¼ ðlþ 2mÞ vu
vx

� g
�
qþ s3 _q

�
(113)

rh ¼ g
du
dx

þ rcE
T0

�
qþ s4 _q

�
(114)

where l and m are Lame’s constants, l¼(3l þ 2m)at and at is the
linear thermal expansion coefficient, u ¼ u(x,t) is the one-
dimensional displacement. Then, one obtains from Eqs. (109),
(112)e(114):

ðlþ 2mÞd
2u

dx2
� g

 
dq
dx

þ s3
d2q
dxdt

!
¼ r

d2u
dt2

(115)

gT0
d2u
dxdt

þ rcE

 
dq
dt

þ s4
d2q
dt2

!
¼ Ia�1k

d2q
dx2

(116)

For convenience, the following dimensionless quantities are
introduced:

ð~x;~u;~4Þ ¼ n1n2ðx;u;4Þ;
�
~t;~s3;~s4

�¼ n21n2ðt;s3;s4Þ; ~sij ¼
sij
m
; ~q¼ q

T0
(117)

where n1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2mÞ=r

p
; n2 ¼ ðrcEÞ=k. Eqs. (115), (116) and

(113) may be rewritten, as:
b2
d2u
dx2

� b

 
dq
dx

þ s3
d2q
dxdt

!
¼ b2

d2u
dt2

(118)

g
d2u
dxdt

þ dq
dt

þ s4
d2q
dt2

¼ Ia�1d
2q

dx2
(119)

sx ¼ b2
vu
vx

� b
�
qþ s3 _q

�
(120)

in which, b2 ¼ ðlþ 2mÞ=m; b ¼ gT0=m; g ¼ g=kn2, and the
caps of dimensionless quantities have been left out for brevity. The
initial and boundary conditions are given, as:

uðx; tÞ ¼ _uðx; tÞ ¼ 0 at t ¼ 0
qðx; tÞ ¼ _qðx; tÞ ¼ 0 at t ¼ 0
qðx; tÞ ¼ HðtÞ at x ¼ 0
sðx; tÞ ¼ 0 at x ¼ 0
uðx; tÞ/0 as x/N; t > 0
qðx; tÞ/0 as x/N; t > 0

(121)

which means the strip is prescribed a quiescent initial state with its
boundary x ¼ 0 free of stress and subjected to a sudden heating.
H(t) is the Heaviside unit step function. The copper material is
chosen for numerical evaluation, and the constants are shown in
Table 3.

Fig. 1 shows the time history of the temperatures at the point
x ¼ 0.1. When a ¼ 1 the FOGTE is reduced to TRDTE, the results are
compared with that from Tian et al. (2006), and a perfect coinci-
dence is obtained. It is found that the smaller the fractional order,
the larger the velocity of the thermal signal. That is to say, the
temperatures of the point rise earlier when the fractional order is
small, as shown in Fig. 1. In addition, a small fractional order
smoothes the curve of time history of the temperatures (the jump
as shown when a ¼ 1 is eliminated), and for a longer time the
temperature distributions coincide under different fractional
order.
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Fig. 2. The distributions of the normalized temperature along x at t ¼ 0.08 under
different a. Fig. 4. The distributions of the normalized displacement along x at t ¼ 0.08 for

different s4 (a ¼ 1).
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Fig. 2 shows the distributions of temperature along x at t ¼ 0.08
under different a. As shown in Fig. 2, TRDTE (a ¼ 1) results in a
jump at x¼ 0.358 ðx ¼ 1=

ffiffiffiffiffi
s4

p � tÞ, which is called thewave front of
thermal wave, and the results are better than that from Tian et al.
(2006) as the front of thermal wave is more apparent. It is also
found that the smaller the fractional order a, the farthest the
thermal signals arrive at (which is indicated by the arrows depicted
in Fig. 2.), which agrees with the conclusion made from Fig. 1. In
addition, variations of the temperatures for a small a are smoother
than for a lager one.

Fig. 3 is the distributions of displacement along x at t ¼ 0.08
under different a. From Fig. 3, it is concluded that the displace-
ments have great changes at points A and B. Point A is the position

the elastic wave arrives at ðx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2=b2Þ

q
*t ¼ 0:08Þ, while the

second one (B) depicts the wave front of thermal wave. More
importantly, the fractional order can smooth the lager variation at
B, but has no effect on the first one (at A). This is rational because
the fractional calculus is introduced into the governing equation of
the thermal field, see Eq. (119). In addition, we find that the frac-
tional order may reduce the displacement slightly.

To distinguish the displacement induced by elastic and thermal
field for FOGTE based on TRDTE (a ¼ 1), the lagging time s4 is set as
1/4, 4/9, 16/9, 4 to obtain the thermal wave propagating faster or
Fig. 3. The distributions of the normalized displacement along x at t ¼ 0.08 under
different a.
slower than the elastic wave, the corresponding velocities are 2, 1.5,
0.75, 0.5 (see Eq. (119)), respectively. While the velocity of elastic
wave is always 1 obtained from Eq. (118). The numerical results are
presented in Fig. 4.

In Fig. 4 the front of elastic wave is depicted by the black arrow,
while the fronts of thermal wave for different s4 are shown by the
corresponding coloured arrows (in the web version). For s4 ¼ 16/9
(4), because the thermal waves arrive at points B (A), it is concluded
that the displacement between B (A) and C is induced by the elastic
field. In addition, the displacement induced by elastic wave is al-
ways 0 after the point C, as a result, the displacement between C
and D (E) is contributed by the thermal wave for s4 ¼ 4/9 (1/4). In
addition, the great changes at point C are the result of elastic wave
because it is the front of elastic wave depicted by black arrow, while
the lager variations at point A, B, D and E, where the front of
thermal wave arrives at, comes from the thermal field.
6.2. A slim strip problem of electro-thermo-elastic material

In this subsection, we consider the response of electro-thermo-
elastic material, when subjected to a sudden heating. The equations
for one-dimensional case, read:

sx;x ¼ r€u; qx;x ¼ �rT0 _h; Dx;x ¼ 0

sx ¼ c du
dx � dE � g

�
qþ s3 _q

�
; rh ¼ g du

dx þ eE þ rcE
T0

�
qþ s4 _q

�
Dx ¼ d du

dx þ pE þ e
�
qþ s3 _q

�
; Ex ¼ �4;x; qx ¼ �Ia�1kq;x;

3x ¼ u;x
(122)

where c, d, p and e are elastic, piezoelectric, dielectric and pyro-
electric constants. Considering the following dimensionless
quantities ð~x; ~u; ~4Þ ¼ n1n2ðx;u;4Þ; ð~t;~s3;~s4Þ ¼ n21n2ðt; s3; s4Þ;
~sij ¼ sij=m;

~q ¼ q=T0, the governing equations may be rewritten
as (the caps are dismissed for brevity):
Table 4
Material constants needed in numerical simulation (cadmium selenide).

c 83.6e9 Pa g 0.551e6 N K�1 m�2 e e ¼ �2.94e � 6 C K�1 m�2

d 0.347 Cm�2 r 7600 kg/m3 p p ¼ 90.3e � 12 C2 N�1 m�2

cE 420 J/(kg K) s3 0.05 m 30.6e9 Pa
T0 293 K s4 0.05



Fig. 5. The distributions of the normalized temperature along x at t ¼ 0.08 under
different a. Fig. 7. The distributions of the normalized electric potential along x at t ¼ 0.08 under

different a.
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b2d
2u

dx2 þ x d2
4

dx2 � b
�
dq
dx þ s3 d2q

dxdt

�
¼ b2d

2u
dt2

dd
2u

dx2 � p d2
4

dx2 þ eT0
�
dq
dx þ s3 d2q

dxdt

�
¼ 0

g d2u
dxdt � h d2

4
dxdt þ dq

dt þ s4d
2q

dt2 ¼ Ia�1d2q
dx2

(123)

where b2 ¼ ðlþ 2mÞ=m; x ¼ d=m; b ¼ gT0=m; g ¼ g=kn2;
h ¼ e=rcE; n1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2mÞ=r

p
; n2 ¼ rcE=k. The numerical

simulation is devoted to cadmium selenide material (see Table 4).
The results are presented in following.

As shown in Figs. 5 and 6, the distributions of the temperatures
and the displacements are same as that obtained for the thermo-
elastic material, and the fractional order also has alike effect on
them. Fig. 7 is presented to illustrate the induced electrical po-
tential when the material is imposed a sudden heating, and comes
to the conclusion that there are also two changes at the front of
elastic and thermal wave, and that the fractional order may in-
crease the electrical potential. In addition, the fractional order
smoothes the curve of potential around the front of thermal wave,
but it has little on the first changes around the front of elastic
wave.
Fig. 6. The distributions of the normalized displacement along x at t ¼ 0.08 under
different a.
7. Conclusion

A fractional order generalized electro-magneto-thermo-
elasticity (FOGEMTE) theory is developed for anisotropic and line-
arly electro-magneto-thermo-elastic media by introducing the dy-
namic electro-magnetic fields. To further generalize the newly
developed theory, the general form of several generalized thermo-
elastic theories, such as the extended thermoelasticity (ETE), tem-
perature rate dependent thermoelasticity (TRDTE), thermoelasticity
without energy dissipation (TEWOED), thermoelasticity with en-
ergy dissipation (TEWED), and dual-phase-lag thermoelasticity
(DPLTE), is introduced. The variational principle of the FOGEMTE
theory is formulated using the variational integral method, which
can be degenerated to several existing variational theorems. A
generalized variational theorem for the FOGEMTE theory is devel-
oped with the semi-inverse method. Finally, two numerical exam-
ples are given, and the numerical results shows that the fractional
order has great effect on the response, and, importantly, it may
smooth the lager changes for the responsewhenmaterial is imposed
a sudden heating, which is commonly existed in modern engineer-
ing. Considering the great effect, fractional theoriesmay have awide
application in future engineering practice, such as: low temperature
regimes, amorphous media, colloids, glassy and porous materials,
man-made and biological materials or polymers, transient loading.
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